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FORWARD 


This  survey  attempts  to  make  a  critical  study  of  methods  described 
in  the  literature  for  the  analysis  of  metal  structures  under  dynamic  loads 
leading  to  plastic  deformations. 

Analyses  have  now  appeared  in  the  literature  of  a  considerable 
variety  of  structures  of  engineering  interest.  They  include  bedims  (under  many 
conditions  of  loading,  support,  and  materials),  rings ,  arches ,  frames  (simple 
rectangular  bents),  plates  (circular  and  rectangular),  membranes  (i.e.  plates 
with  deflections  greatly  exceeding  the  thickness),  and  shells  (axially  sym¬ 
metric  loading  on  cylinders,  spheres,  and  spherical  caps).  Most  of  these 
have  been  obtained  by  a  rigid-plastic  type  of  analysis  (in  which  strain  rates 
are  assumed  zero  unless  a  yield  condition  is  satisfied).  A  few  have  been 
obtained  by  wholly  numerical  approaches  of  finite  difference  type. 

Experiments  reported  in  the  literature  have  in  most  cases  shown  that 
the  actual  permanent  deflections  are  smaller  than  those  predicted  on  the  basis 
of  plastic  properties  determined  by  quasi-static  tests,  the  predictions  often 
being  in  error  by  as  much  as  100  percent  or  more  for  mild  steel,  with  smaller 
discrepancies  for  other  metals,  such  as  aluminum  alloys  or  high  strength  steels. 
Strengthening  under  conditions  of  rapid  straining  has  been  considered  the  prin¬ 
cipal  cause  of  such  discrepancies;  when  it  has  been  possible  to  modify  the 
analysis  to  take  account  of  tne  increase  of  yield  and  flow  stresses  at  high 
strain  rates,  much  better  agreement  has  in  most  cases  been  obtained. 

The  mathematical  approaches  have  depended  heavily  on  assumptions. 

This  is  obviously  true  of  analytical  solutions  such  as  rigid-plastic  analysis. 


It  is  also  true,  to  a  lesser  extent,  of  the  wholly  numerical  solutions;  for 
example  the  "MIT  method"  (see  Witmer  et  al  (1963),  (1967)*  )  depends  on  a 
parallel  rod  model  of  a  beam  or  plate.  Although  "agreement"  has  often  been 
obtained,  it  also  has  often  been  the  case  that  only  one  or  two  tests  were  made 
for  purposes  of  comparison.  It  is  difficult  to  draw  general  conclusions 
unless  the  tests  form  a  comprehensive  series. 

A  plate  or  shell  deforming  plastically  due  to  impact  or  shock  load¬ 
ing  behaves  in  an  extremely  complex  manner  which  is  difficult  to  analyze  even 
if  the  laws  of  plasticity  established  for  quasi-static  conditions  are  exactly 
obeyed.  Analytical  solutions  are  out  of  the  question  except  by  rigid-plastic 
methods;  when  elastic  deformations  are  included  the  solution  of  partial  dif¬ 
ferential  equations  with  moving  boundaries  is  required,  and  in  addition  the 
equations  become  nonlinear  if  finite  deflections  must  be  considered,  as  is 
commonly  the  case.  The  fact  that  dynamic  plastic  properties  are  greatly  dif¬ 
ferent  from  those  determined  statically,  for  steel  and  some  other  important 
structural  metals,  increases  the  fundamental  difficulty  by  orders  of  magni¬ 
tude.  Very  little  is  known  about  dynamic  plastic  behavior  except  for  uniaxial 
stress  states  and  pure  torsion.  Extensions  of  such  standard  concepts  of  static 
plasticity  as  yield  surfaces  and  flow  rules  (either  in  terms  of  stresses  or 
of  stress  resultants)  to  conditions  of  rapid  and  variable  straining  have  not 
been  investigated.  Mathematical  solutions  in  the  literature  using  such  con¬ 
cepts  whether  by  analytical  or  numerical  means  are  speculative,  and  the  re¬ 
sults  must  be  considered  suspect. 


*  References  are  listed  alphabetically  in  the  Bibliography  at  the  end  of  the 


report . 
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The  present  survey  is  limited  to  studies  in  some  depth  of  analytical 
methods  and  experimental  investigations  on  beams.  This  limitation  is  deliber¬ 
ate  and  believed  justifiable,  in  view  of  the  present  absence  of  knowledge 
concerning  laws  of  dynamic  plasticity  for  complex  stress  states.  A  beam 
exhibits  most  of  the  major  sources  of  complexity  arising  from  mixed  elastic 
and  plastic  behavior  at  large  deflections.  However  the  stress  and  strain 
states  are  relatively  simple,  apart  from  the  possible  influence  of  strain 
gradients.  Thus  the  interactions  between  dynamic  plastic  stress  resultants 
in  a  beam  are  relatively  tractable.  Also,  and  most  important,  for  beams  there 
are  several  published  experimental  investigations  that  are  quite  extensive  and 
comprehensive.  These  make  it  feasible  to  carry  out  detailed  analyses  and  inter¬ 
pretations  of  the  test  results,  and  thus  to  attempt  to  gain  understanding  of 
the  basic  processes  and  mechanisms. 

It  seems  apparent  to  the  writer  that  such  basic  understanding  must 
first  be  reached  for  beams.  There  will  then  be  a  good  chance  of  gaining  it 
for  general  deformations  of  plates,  membranes,  shells,  and  other  structures. 

There  are  two  important  areas  of  dynamic  plastic  structural  analysis, 
which  have  been  developed  in  recent  years,  which  have  had  to  be  treated  in¬ 
adequately  in  the  survey.  One  is  the  area  of  numerical  solutions  by  finite 
differences  or  finite  elements.  The  other  area  is  undoubtedly  the  major  theo¬ 
retical  achievement  in  the  subject  in  recent  years,  namely  the  development  by 
Martin  of  energy  techniques  which  furnish  bounds  on  displacements  and  duration 
times  (see  Martin  196*4,  1965,  1966).  The  study  of  the  application  of  these 
methods  and  of  the  related  mode  approximation  technique  to  analysis  and  design 
must  be  dealt  with  separately.  These  new  methods  promise  to  make  possible 
the  treatment  in  a  simple  but  realistic  way  of  complex  structures  under  any 
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impulsive  and  perhaps  more  general  classes  of  loading. 

This  survey  was  initiated  and  supported  for  an  initial  two  year 
period  by  the  Underwater  Explosions  Research  Division  of  the  Naval  Ship 
Research  and  Development  Center.  The  writer  is  most  grateful  for  the 
helpful  consideration  shown  by  Dr.  Schauer  of  the  Underwater  Explosions  Re¬ 
search  Division  during  the  extended  period  of  its  preparation.  The  survey 
was  begun  as  a  joint  project  with  Professor  S.  R.  Bodner,  whose  valuable 
collaboration  ended  when  he  resigned  to  become  Professor  of  Mechanics  at 
Technion  -  Israel  Institute  of  Technology.  Material  contributions  were 
made  at  different  times  by  Research  Assistants  D.  P.  Updike  (now  Assistant 
Professor  at  Lehigh  University)  and  J,  F.  McNamara.  Invaluable  assistance 
was  given  by  Miss  Mary  Huntsman  in  connection  with  drawings  and  illustrations, 
and  by  Mrs.  Susan  Erdmann  who  did  most  of  the  typing. 


TABLE  OF  CONTENTS 


Page 


Foreword  i 

Chapter  I:  MATERIAL  PROPERTIES  1 

Section  I:  Constitutive  Laws  1 

Section  2:  Idealizations  2 

Section  3:  Idealized  Moment-Curvature  Relations  3 

Section  4:  Plastic  Interactions  5 

Section  5:  Strain  Rate  Effects  on  Yield  Stress  7 

Section  6:  Yield  Delay  Time  17 

Figures 

Chapter  II:  BEAMS  -  ANALYTICAL  METHODS  20 

Section  1:  Basic  Ideas  20 

Section  2:  Elastic-Plastic  Analysis  22 

Section  3:  Numerical  Treatments  35 

Section  4:  Rigid-Plastic  Analysis  46 

Section  5:  Plastic  Moment  Interactions  60 

Figures 

Chapter  III:  EXPERIMENTS  ON  BEAMS  71 

Section  1:  Tests  of  Duwez,  Clark,  and  Bohnenblust  72 

Section  2:  Parkes's  Experiments  84 

Section  3:  Bodner  and  Symonds's  Experiments  112 

Section  4:  Experiments  of  Florence  and  Firth  148 

Figures 


Bibliography 


Chapter  I 


MATERIAL  PROPERTIES 

1.  Constitutive  Laws.  In  analyses  of  structures  deforming  plastically  under 
dynamic  loads  one  must  use  appropriate  constitutive  laws,  i.e.  mathematical 
formulations  of  the  essential  features  of  behavior  relating  stress  and  strain 
tensors  and  their  time  derivatives. 

The  laws  of  plastic  behavior  of  metals  are  generally  defined  as 
relations  tnat  are  homogeneous  in  time;  thus  the  material  behavior  involves 
no  influence  of  times  or  rates.  In  fact,  in  structural  metals  rate  effects 
may  be  of  great  importance,  but  we  postpone  discussion  of  them  until  a  later 
section  of  this  chapter.  With  this  understanding,  the  main  features  of 
plastic  behavior  of  structural  metals  are  sketched  in  Figs.  I  1(a),  I  1(b), 
and  summarized  as  follows: 

(1)  An  elastic  range  governed  by  a  yield  stress  or  other  yield 
conditions  appropriate  to  the  stress  state. 

(2)  Plastic  deformation  with  work  hardening,  governed  by  flow 
rules  and  loading  conditions  for  three  dimensional  stress  states. 

(3)  Irreversibility;  unloading  occurs  elastically,  leaving 
residual  stresses  and  permanent  (plastic)  strains. 

(4)  Bauschinger  effect;  a  reversal  of  loading  after  plastic 
deformations  have  occurred  leads  to  plastic  deformations  in  the  reversed  sense 
at  lower  stress  magnitudes  than  those  at  which  the  previous  plastic  flow 
occurred. 

In  tnis  review  we  shall  be  concerned  with  structures  such  as  beams 
and  plates  where  the  state  of  stress  is  described  by  means  of  stress  resultants 
such  as  bending  moments  and  axial  forces.  The  laws  of  plasticity  concern 
relations  between  stress  resultants  and  generalized  strains  such  as  curvature 
and  strain  at  the  center-line.  They  are  derivable  in  general  by  calculation 
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from  the  stress -strain  curve  for  simple  tension  or  compression  specimens 
together  with  yield  conditions  such  as  those  of  Tresca  and  von  Mises.  It  is 
common  to  assume  that  plane  sections  remain  plane. 

2 •  Idealizations .  Idealizations  of  plastic  (time  independent)  behavior 
are  essential  to  make  analyses  of  plastic  deformations  tractable,  in  static 
and  much  more  so  in  dynamic  problems.  Hence  the  bilinear  stress-strain  curve 
of  Figs.  11(c)  is  often  used  for  elastic-plastic  behavior;  here  the  stress- 
strain  relation  has  slope  E^  in  the  plastic  range  o  >  for  initial  load¬ 
ing,  while  Young's  modulus  E  3overns  elastic  behavior.  Further  idealizations 
are  indicated  in  Fig.  11(d).  Here  the  solid  curve  represents  two  drastic 
but  often  satisfactory  idealizations:  (1)  the  elastic  modulus  E  is  taken 
as  infinite;  and  (2)  the  plastic  slope  E^  is  taken  as  zero.  The  hypothetical 
material  behav. .r  is  referred  to  as  rigid-perfectly  plastic.  It  is  common 
to  apply  this  type  of  analysis  to  static  problems  where  plastic  strain 
components  greatly  exceed  elastic  strains,  and  the  material  is  very  ductile. 

As  will  be  discussed  in  detail  in  the  review,  the  use  of  rigid-perfectly 
plastic  analysis  in  dynamic  structural  problems  makes  for  a  very  great 
simplification,  so  that  it  deserves  careful  study  to  determine  the  range  of 
its  validity. 

For  some  problems  strain  hardening  cannot  be  neglected.  The 
idealized  rigid-plastic  material  with  work  hardening  is  shown  in  Fig.  I  1(d). 

In  structural  problems  the  need  to  consider  strain  hardening  may  arise  not 
so  much  because  strain  hardening  is  large,  but  because  some  physical  feature 
of  the  actual  response  disappears  when  perfectly  plastic  behavior  is  assumed. 
For  example,  in  beams  under  either  static  or  dynamic  loading,  large  plastic 
deformations  occur  at  plastic  hinges.  In  the  real  structure  these  are  short 
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regions  (of  the  order  of  the  beam  depth)  where  intensive  plastic  flow  occurs. 

If  perfectly  plastic  behavior  is  assumed,  the  plastic  hinge  is  a  point  on 
the  beam  center-line.  The  dependence  of  the  size  of  the  plastic  hinge  on  the 
loads  and  on  time  can  only  be  studied  if  the  material  is  taken  to  have  a 
finite  degree  of  strain  hardening.  Another  example  is  that  of  impact  on  the 
end  of  a  long  thin  rod,  when  the  impact  is  severe  enough  to  produce  stresses 
above  the  elastic  yield  stress  a  .  If  the  material  is  assumed  to  have  a 
perfectly  plastic  behavior,  there  is  no  propagation  of  plastic  stress  and 
strain  waves  away  from  the  impact  end,  and  an  infinitesimal  segment  of 
the  rod  at  the  struck  end  acquires  infinite  strains. 

The  point  of  these  remarks  is  to  emphasize  that  the  neglect  of 
strain  hardening  may  be  permissible  in  one  problem  but  quite  unrealistic 
in  another,  in  each  case  involving  the  same  material.  In  the  beam  problem, 
unless  o^i  wishes  specifically  to  study  the  plastic  zones  (finite  in  a  real 
Structure)  it  may  well  be  a  good  approximation  to  treat  the  material  as 
perfectly  plastic,  but  in  the  rod  impact  problem  such  a  treatment  does  not 
lead  to  results  of  physical  significance. 

3.  Idealized  moment -curvature  relations.  As  idealized  bending  moment- 
curvature  characteristic  for  a  given  beam  section  can  be  derived,  as  mentioned, 
from  the  stress-strain  diagram  for  simple  tension  and  compression  plus  the 
Bernoulli -Euler  assumption  that  plane  sections  remain  plane.  As  an  example, 
corresponding  to  the  bilinear  stress-strain  law  of  Fig.  I  1(c),  one  obtains 
a  moment-curvature  relation  for  a  rectangular  cross-section  given  by  the 
following  equations: 

M  1  M  :  M  =  Uk,  or  jj-  =  (3.1a) 

y  y 
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where 

K  =  1JL 

y  h  E 

„  rT  21  bh2  „ 

M  =  EIk  -  7--  o  =  — t—  a 
y  y  h  y  6  y 

b  =  width  of  cross-section 
h  =  depth  of  cross-sec  ion 

The  idealization  of  the  moment-curvature  relation  to  two  straight 
dM 

lines,  one  of  elastic  slope  — ~  -  El,  and  the  other  with  slope  E^I,  ls 

commonly  made.  The  initial  elastic  line  can  be  taken  with  good  accuracy  as 

M 

extending  to  M  ~  M  =  aM  ,  where  a  =  is  the  shape  factor,  the  ratio  of 

p  y  y 

fully  plastic  moment  to  yield  moment.  For  the  rectangular  section  a  =  3/2, 
while  for  I-sections  bent  about  the  major  axis  a  is  about  1.15.  Thus  for 
this  approximation  the  bilinear  moment -curvature  idealization  car,  be  written 


M  <  M 

-  p 


k  M 

—  or  M~ 

y  p 


(3.2a) 


M  >  M  :  —  =  1  +  -2-  — 

—  p  M  E  k 

P  P 


(3.2b) 


where  M  =  aM  ;  k  =  ok  . 

p  y  p  y 

Figure  I  3  shows  the  moment  curve  derived  from  the  bilinear  stress  curve, 
and  the  bilinear  approximation  for  the  moment  curve.  It  is  evident  that  the 
significant  quantities  for  treating  problems  of  bending  are  the  fully 
plastic  moment  and  the  slope  E^I  in  the  work  hardening  range.  The  rigid- 
plastic  moment-curvature  idealizations  are  indicated  in  Fig.  12(c),  where 
the  solid  curve  represents  perfectly  plastic  and  the  broken  curve  linearly 
work  hardening  behavior. 


As  indicated  in  Figs.  12(b)  and  12(c),  it  is  simplest  to  take 
the  elastic  range,  for  reversed  loading,  as  2M^,  There  is  little  experimental 
justification  for  this,  since  phenomena  involving  reversed  loading  in  bending 
have  not  had  much  attention  despite  the  fact  that  in  dynamic  problems 
there  are  many  cases  where  large  bending  moments  of  reversed  direction  occur 
and  lead  to  reversed  plastic  deformation,  under  a  unidirectional  main  load¬ 
ing  .  There  are  other  uncertainties ,  for  example  concerning  rate  effects  , 
which  make  it  difficult  to  assess  the  experimental  evidence  concerning 
the  Bauschinger  effect  in  dynamic  problems,  at  this  time. 

4,  Plastic  interactions.  It  has  been  mentioned  that  interactions  between 
stress  resultants  in  the  plastic  range  must  be  considered  in  many  structural 
problems.  In  later  sections  of  this  review  more  details  will  be  given  con¬ 
cerning  recent  work  in  constructing  theoretical  interaction  curves,  and 
solutions  and  experiments  involving  interactions.  Here  we  will  merely 
illustrate  the  problem. 

The  two  most  important  interactions  in  beam  problems  are  those 
between  bending  moment  and  axial  force  (M,N)  and  between  bending  moment 
and  shearing  force,  (M,Q).  Representative  interaction  curves  of  these 
types  are  shown  in  Figs.  I  2(d)  and  I  2(e),  in  terms  of  ratios  involving 
the  limiting  plastic  values  of  bending  moment  M^,  axial  force  N^,  and 
shearing  force  Q^.  These  curves  correspond  to  stress-strain  behavior  of 
perfectly  plastic  type,  and  are  derived  theoretically  from  concepts  of 
limit  analysis.  Thus,  no  plastic  deformation  is  supposed  to  occur  for 
points  inside  the  curves.,  while  unrestricted  flow  can  occur  for  points  on 
the  curves.  Curves  A  in  Figs  I  2(d)  and  I  2(e)  are  for  rectangular 
cross-sections.  Curve  B  in  Fig.  I  2(d)  is  for  the  limiting  I-beam 


but  negligible,  thickness.  Curves  for  real  I-sections  lie  between  ft  and  B. 
The  shear  interaction  curve  marked  B'  in  Fig.  I  2(e)  is  for  a  typical  wide- 
flange  I-section.  The  steeply  falling  portion  of  curve  B'  corresponds  to 
reaching  the  limiting  force  in  shear  of  the  web  alone,  and  this  marks,  for 
practical  purposes  in  a  problem  of  moment-shear  interaction,  the  maximum 
shearing  force  that  can  be  carried  by  the  section. 

Further  details  concerning  these  curves,  including  the  correspond¬ 
ing  relations  governing  deformations,  will  be  given  in  the  sections  dealing 
with  problems  requiring  them.  It  should  be  emphasized  that  they  are 
theoretical,  not  experimental  curves.  Experimental  evidence  confirming 
them  directly  is  very  meagre  for  static  problems,  and  almost  non-existent 
for  dynamic  problems.  Dynamic  experiments  have  been  performed  giving  some 
indirect  evidence  on  their  validity  (Nonaka,  1964),  and  these  will  be 
reviewed  in  a  later  section.  It  can  be  said  here  that  the  use  of  inter¬ 
action  curves  based  on  static  plasticity  behavior  has  useful  suggestive 
value,  indicating  potential  deformation  patterns  and  magnitudes.  However 
the  details  of  such  interaction  curves,  at  least  tor  dynamic  problems  of 
some  common  structural  metals,  are  highly  questionable  because  of  their 
neglect  of  strain  rate  sensitivity.  Rate  effects  have  been  studied  fairly 
extensively  for  simple  stress  states,  but  knowledge  of  rate  sensitivity 
in  complex  stress  states  is  almost  entirely  conjectural. 

In  problems  of  plates  arid  shells  further  interaction  relations 
must  be  used,  especially  between  bending  moments  and  axial  forces,  which 
can  be  depicted  as  surfaces  in  an  appropriate  stress  space.  Techniques  for 
establishing  these  and  the  corresponding  displacement  relationships  have 
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been  described  in  the  literature.  The  remarks  about  experiments  and  rate 
effects  apply  to  these. 

5.  Strain  rate  effects  on  yield  stress.  The  most  important  difficulty  in 
the  way  of  solving  problems  of  plastic  deformation  of  structures  under 
dynamic  loading  comes  from  the  fact  that  the  material  behavior  is  not  that 
of  conventional  plasticity  theory.  Even  at  the  moderate  strain  rates  in 
most  structural  problems  (usually  not  exceeding  about  100  per  second)  many 
structural  metals  have  substantially  different  stress-strain  characteristics 
than  they  exhibit  in  quasi-static  tests. 

The  simplest  way  of  depicting  this  so-called  "strain-rate  sensitivity" 
is  by  families  of  curves  showing  either  stress  versus  strain  at  constant  strain 
rate  magnitudes,  or  stress  versus  strain  rate  at  constant  strain  levels.  Such 
curves  have  been  obtained  by  experiments  using  techniques  which  vary  in  detail 
but  in  general  involve  impact  on  a  short  specimen  -  a  rod  or  tube  with  length 
and  diameter  of  comparable  size  -  with  one  end  constrained.  Measurements  are 
made  of  stress  at  one  or  both  ends  of  the  specimen  and  of  strain  and  strain 
rate  across  the  specimen  length.  Determinations  of  this  sort  are  direct  in 
the  sense  that  it  is  not  necessary  to  postulate  a  theory  of  plastic  wave 
propagation  in  order  to  interpret  the  test  data.  However  they  are  subject  to 
the  criticism  that  they  determine  averages  of  stress,  strain,  and  strain  rate 
over  the  specimen  length,  and  because  of  propagation  effects  it  is  possible 
for  these  quantities  to  vary  widely  over  this  length.  A  further  criticism  is 
made  that  in  impact  tests  on  cylindrical  specimens  there  is  initially  a  three- 
dimensional  stress  and  strain  state  at  the  impacted  surface,  rather  than  the 
uniaxial  stress  state  of  static  tests j  it  has  therefore  been  argued  by  Bell 
(see  Bell,  1963,  for  example)  that  an  apparent  strain  rate  sensitivity  in  such 
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tests  is  not  a  material  property  but  a  purely  geometrical  result  associated 
with  elastic  dilatation  waves  first  excited  by  plane  impact  on  the  end  of 
the  specimen.  Such  phenomena  are  undoubtedly  critical  in  very  short  time, 
high  velocity  tests,  but  while  the  geometrical  effects  are  certainly  always 
present  it  seems  unlikely  that  they  play  an  important  role  in  tests  at  strain 
rates  up  to  about  100  sec  ^ ,  which  are  concerned  in  structural  problems.  One 
indication  that  the  strain  rate  effects  are  real  physical  properties  is 
their  strong  dependence  on  the  condition  of  the  metal;  changes  in  heat 
treatment  or  alloy  content  produce  large  changes  in  the  strain  rate  properties. 
A  second  indication  is  that  the  use  of  radically  different  techniques 
furnishes  similar  results;  for  example  tests  in  which  a  ring  specimen  is 
expanded  by  an  explosive  pressure  (see  Johnson,  Stein  and  Davis,  1963)  or  in 
which  torsion  or  shear  impact  (for  example  D.  B.  C.  Taylor  and  Tadros,  1956) 
are  applied  lead  to  increases  in  yield  stresses  close  to  those  measured  in 
tension  or  compression  impact  tests. 

Here  we  give  illustrations  of  strain  rate  dependence  for  mild 
steel  and  a  few  other  structural  metals.  These  are  shown  to  indicate  the 
magnitude  of  the  changes  in  yield  stress  at  moderate  strain  rates.  Later 
in  this  survey  a  review  of  test  results  on  beam  specimens  is  given,  and 
the  analysis  of  plastic  deformations  of  beams  of  strain  rate  sensitive 
materials  is  discussed.  These  problems  require  knowledge  of  strain-rate 
dependence  of  flexural  properties.  Recently  direct  measurements  have  been 
made  of  these  (Aspden  and  Campbell,  1966).  We  defer  discussion  of  these 
until  later. 

Figure  I  4  shows  a  plot  for  mild  steel  of  stress  as  a  function 
of  both  strain  e  and  strain  rate  c,  by  means  of  an  isometric  projection 
diagram.  This  was  published  by  Marsh  and  Campbell  (1963).  This  plot  shows 
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dramatically  how,  for  a  mild  steel  of  given  composition  and  treatment, 
subjected  to  a  certain  type  of  test,  the  stress-strain  curve  changes  in 
position  and  shape  as  the  strain  rate  is  increased.  Three  aspects  of 
such  "dynamic  stress-strain  curves"  are  of  interest: 

(a)  In  the  initial  portion  of  the  curve  the  stress  rises 
elastically  to  an  upper  yield  stress  and  then  falls  abruptly  to  a  lower 
value,  as  plastic  straining  increases  rapidly.  The  upper  yield  stress 
is  a  function  of  the  strain  rate  in  the  elastic  range,  and  is  associated 
with  the  phenomenon  of  yield  delay  time;  but  both  are  of  less  interest 
than  other  features  of  the  dynamic  curve,  for  our  purposes.  Their 
significance  for  structural  problems  will  be  discussed  in  the  following 
section  1.6. 

(b)  Plastic  straining  occurs  at  a  nearly  constant  stress  termed 
the  lower  yield  stress .  This  stress  magnitude  and  its  dependence  on  strain 
rate  are  of  primary  importance  in  analyzing  plastic  deformations  of  structures 
under  dynamic  loading. 

(c)  The  lower  yield  "plateau"  terminates  at  a  strain  that  depends 
on  the  strain  rate,  and  is  followed  by  a  strain  hardening  region.  The 
slopes  of  the  stress-strain  curves  at  various  strain  rates  do  not  differ 
greatly  from  each  other  and  from  the  slope  of  the  static  stress-strain 
curve,  in  this  region. 

It  is  seen  that  the  dynamic  stress-strain  curves  do  not  retain 
the  same  shape  as  the  static  curve  (see  Figs.  1  5(a),  1  5(b),  I  5(c). 
Fortunately,  in  the  applications  the  lower  yield  stress  is  of  main 
importance,  and  it  is  not  necessary  to  try  to  express  mathematically  the 
obviously  complex  features  of  the  dynamic  stress-strain  curves. 

Although  the  three-dimensional  representation  of  stress,  strain  and 
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strain  rate  is  of  great  interest,  it  should  be  accompanied  by  warnings.  In 
the  first  place,  it  may  give  the  impression  that  a  metal  has  an  equation 
of  state,  i.e.  that  a  single  functional  relation  holds  between  o,  c,  and  e. 
No  such  relation  can  strictly  be  expected  to  exist,  for  a  metal  deforming 
plastically.  It  must  be  presumed  that  the  plastic  flow  stress  is  a  function 
not  only  of  the  current  strain  and  strain-rate,  but  of  the  previous  history 
of  straining.  If  the  effect  of  history  is  very  strong,  different  diagrams 
would  be  obtained  by  different  test  methods.  Fortunately  for  practical 
applications,  however,  it  has  been  found  that  two  quite  different  types  of 
tasts  lead  to  closely  similar  diagrams.  This  question  was  studied  by 
Marsh  and  Campbell  (1963),  who  found  in  fact  that  tests  imposing  (a)  a  pulse 
of  constant  stress  and  (b)  a  nearly  constant  rate  of  strain  led  to  diagrams 
of  stress  versus  strain  at  constant  strain  rate  with  fairly  good  agreement 
as  to  both  magnitudes  and  shapes.  Some  of  these  results  are  shown  in 
Fig.  15(c),  where  stress-strain  curves  constructed  from  "constant  stress" 
and  "damped  dynamic"  (=constant  strain  rate)  tests  are  compared. 

Presuming  that  as  a  practical  approximation  one  can  make  use  of  a 
functional  relation  f(o,  e,  i)  -  0,  one  must  still  expect  that  strain  rate 
sensitive  plastic  be  lavior  of  mild  steel,  for  example,  will  depend  on  the 
chemical  constitution  and  on  the  prior  heat  treatment.  It  is  important  to 
have  an  idea  of  the  quantitative  importance  of  these  influences,  Marsh  and 
Campbell  (1963)  investigated  the  effects  of  changing  grain  size,  as  shown 
by  comparison  of  Figs.  I  5(a),  15(b),  and  1  5(c).  Later  work  of  Aspden 
and  Campbell  (1966)  used  a  different  but  similar  mild  steel,  and  although 
the  apparatus  was  basically  the  same  as  in  the  earlier  experiments,  improved 
the  technique  for  measuring  strain  and  strain  rate  during  a  test.  Figures 
I  5(d)  and  15(e)  from  Aspden  and  Campbell  (1966)  may  be  compared  with  the 
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"constant  stress"  test  results.  Figs.  15(b)  and  15(c). 

Figures  16  and  17  show  further  indications  of  variations  in 
strain  rate  sensitivity  to  be  expected  with  different  mild  steels  and 
testing  methods.  We  shall  not  attempt  to  analyze  the  difference  in  reported 
strain  rate  behavior,  but  will  merely  indicate  their  magnitude.  As  a 
measure  of  strain  rate  sensitivity  we  plot  o Wo  where  a  is  the  lower 

y  y  y 

yield  stress  in  a  static  test  and  the  same  quantity  at  a  specified 

strain  rate.  In  Fig.  I  6  we  have  plotted  this  ratio  as  reported  by 

eleven  laboratories  over  a  period  of  time  from  1938  to  1964,  This  plot 

is  not  intended  as  a  complete  summary;  other  references  can  be  found  for 

example  in  the  book  by  Goldsmith  (I960).  The  collection  of  results  in 

» 

Fig.  I  6  shows  good  agreement  for  most  of  the  results  at  strain  rates  below 
about  100  sec  The  data  of  Manjoine  (1944)  cover  a  wide  range  of  strain 
rate  and  are  representative  of  the  more  recently  obtained  results.  They 
have  been  used  in  analyses  to  interpret  bending  impact  tests,  and  will  be 
discussed  later;  recent  data  of  Aspden  and  Campbell  (1966)  on  strain  rate 
sensitivity  in  flexure  tests  will  also  be  referred  to  in  that  connection. 

Massard  and  Collins  (1958)  gave  results  for  twelve  structural 
steels,  including  low  carbon  plate  or  bar  stock  in  various  treatments 
("rimmed,"  "semi-killed,"  "fully  killed,"  "annealed,"  etc.),  some  low 
alloy  steels,  and  a  nickel  chromium  steel.  Their  results  are  of  interest 
in  showing  that  substantial  differences  in  strain  rate  sensitivity  are 
reported  even  between  steels  of  very  similar  chemical  composition  and  static 
yield  strength.  A  few  of  Massard  and  Collins'  tabulated  results  are  plotted 
in  Fig.  17.  Of  all  the  carbon  steels  tested  by  Massard  and  Collins  those 
designated  2SRBA  and  K  showed  the  greatest  and  least  strain  rate  sensitivity, 
respectively.  The  only  "low  alloy"  steel  for  which  strain  rate  data  are 
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given  is  that  designated  Q:  this  has  a  static  yield  stress  considerably 
higher  than  that  of  the  low  carbon  steels,  and  the  rate  sensitivity  curve 
lies  below  all  the  curves  for  the  cartoon  steels. 

It  is  striking  that  the  curves  for  a  single  material  -  a  semi-killed 
Steel  -  with  specimens  cut  parallel  to  the  direction  of  rolling  in  one  case, 
and  transverse  to  it  in  the  other  -  show  differences  as  large  as  those  between 
many  of  the  low  carbon  steels  and  the  low  alloy  steel  designated  as  Q. 
Directional  properties  could  arise  from  processes  of  fabrication  of  a  welded 
structure,  as  well  as  from  manufacturing  processes.  Their  effects  on  plastic 
rate-sensitivity  have  not  been  investigated. 

We  give  next  some  indication  of  what  is  known  about  strain  rate 
sensitivity  in  steels  of  higher  strength  than  mild  steel.  Higher  strength 
carbon  and  alloy  steels  have  received  very  little  systematic  investigation 
in  regard  to  their  strain-rate  behavior.  Some  tests  in  this  category  are 
listed  below.  In  all  cases  either  a  lower  yield  stress  or  a  stress  at  a 
strain  of  roughly  0.01  is  considered: 

(a)  Cold  rolled  steel  (SAE  1020  or  similar) 

Smith ,  Pardue,  and  Vigness  (1955)  reported  tests  on  a  steel 
of  static  yield  strength  about  84  ksi  at  strain  rates  of 
about  10  sec  \  and  found  a  negligible  change  of  the  yield 
stress  (at  a  strain  of  about  0.01),  Steidel  and  Makerov 
(1960)  observed  an  increase  of  yield  strength  of  about  20 
percent  at  a  strain  rate  of  100  sec  their  steel  had  a 
static  yield  stress  about  80  ksi. 

(b)  Low  alloy  carbon  steel: 

The  report  of  Hassard  and  Collins  (1958)  includes  the  ASTM 
A-242  steel  designated  Q  in  Fig.  I  7  (static  yield  strength 
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SO  ksi,  with  0,19%  C,  1.10%  Mn),  and  a  few  others  of  this 
type.  The  Q  steel,  as  indicated  ir.  Fig.  IV,  has  a 
dynamic  yield  strength  ratio  of  about  1.4  at  strain  rates 
about  10  sec  A  few  other  low  alloy  steels  tested  by 
Massard  and  Collins  apparently  had  strain  rate  sensitivity 
too  small  to  be  determined  by  their  technique.  Baron  (1956) 
found  for  an  En  12  steel  (a  hardened  and  tempered  steel  of 
0.34%  C,  0.92%  Mn,  static  yield  stress  about  74  ksi)  a 
dynamic  yield  strength  ratio  of  about  1.25  at  strain  rate 
about  80  sec  1 ‘ 

Clark  and  Duwez  (1950),  using  their  tubular  specimens  sub¬ 
jected  to  circumferential  stress  due  to  internal  pressure, 
tested  a  carbon-manganese  steel  (0.12  -  0.17%  C,  1.25%  Mn, 
with  yield  strength  55  ksi),  and  reported  dynamic  yield 
strength  ratio  averaging  about  1.2,  at  strain  rates  of 
approximately  40  sec  \ 

(c)  Nickel-chromium  steels: 

Several  investigators  have  tested  various  nickel- chromium 
alloy  steels  and  found  either  no  strain  rate  sensitivity 
or  a  very  small  effect  (less  than  10  percent  increase  of 
yield  stress),  at  strain  rates  up  to  about  100  sec  \ 

Among  these  investigators  are  Brown  and  Vincent  (1941), 

Clark  and  Duwez  (1950),  Baron  (1956),  and  Massard  and 
Collins  (1958).  Smith,  Pardue,  and  Vigness  (1955)  found 
an  increase  of  about  15  percent  in  tests  on  SAE  4340  steel 
(0,84%  cr,  1.64%  Ni,  with  static  yield  stress  about  210  ksi). 
However,  the  same  investigators  observed  a  relatively  large 


effect  in  5AE  43,40  steel  (1.08%  Cr,  0.12%  Ni,  0.37%  C , 

0.21%  Mo,  0.89%  Mn,  with  static  yield  strength  about  102 
ksi),  finding  for  this  material  a  dynamic  yield  stress 
ratio  of  over  1.6.  Finally,  we  may  note  that  although 
no  rate  effect  was  found  by  Brown  and  Vincent  (1941), the 
same  nickel-chromium  steel  tested  by  Whiff in  (1948),  using 
the  projectile  compression  technique  devised  by  G.  I. 

Taylor  (1948),  showed  a  dynamic  strength  rate  ratio  of  nearly 
1.8  at  the  very  high  strain  rates  (estimated  at  15,000 
sec  ^)  of  the  projectile  tests.  This  was  a  steel  of 
3.55%  Ni,  0.47%  Cr,  with  static  yield  stress  about  110  ksi. 
Similarly,  for  "Viurac'1  steel  (4.05%  Ni,  1.23%  Cr,  0.28%  Mo) 
the  projectile  impact  test  conducted  by  Whiffin  showed  a 
dynamic  stress  ratio  of  about  1.6,  while  previous  work  by 
Brown  and  Vincent  (1941)  showed  no  measurable  increase  at 
strain  rates  up  to  855  sec  .  The  Taylor  type  test  has  the 
highest  strain  rates  yet  reported  in  (nominal)  plane  stress. 
The  projectile  impact  tests  involve  serious  difficulties 
of  interpretation,  and  the  assigned  strain  rate  figure 
(16,500  sec  in  these  tests)  is  only  a  guess;  however, 
an  independent  confirmation  of  the  dynamic  ratio  for  this 
material  at  very  high  strain  rates  was  given  by  Costello 
(1957)  using  a  plane  impact  wave  technique. 

Finally,  references  and  remarks  on  non-ferrous  metals  will  be  given 
to  complete  the  general  picture  concerning  test  data  on  rate  sensitivity. 

Pure  aluminum  has  received  a  great  deal  of  attention,  and  curves 
of  dynamic  stress  versus  strain  or  strain  rate  are  reasonably  well  accepted 
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for  annealed  pure  aluminum;  review  papers  of  Malvern  (1965)  arid  Lindholm 
(1965)  may  be  consulted  for  these,  Hauser,  Simmons,  and  Dorn  (1961),  and 
Karnes  and  Ripperger  (1966)  have  given  similar  curves  for  pure  aluminum  after 
prestraining.  These  tests  are  all  in  more  or  less  complete  disagreement 
with  those  of  Bell  (see  Bell,19b6  ,  for  a  brief  review).  The  discrepancies 
are  far  from  completely  understood.  Bell's  tests  over  many  years  have 
concerned  propagation  phenomena  in  relatively  long  rods.  He  presents  results 
that  agree  with  rate-independent  plastic  wave  theory,  and  hence  are  difficult 
to  reconcile  with  dynamic  stress-strain  curves  showing  strain  rate  dependence. 
This  may  mean  that  wave  phenomena  are  governed  effectively  by  shapes  rather 
than  by  magnitudes  of  stress-strain  curves,  and  that  there  is  in  effect  a 
"dynamic  stress-strain  curve"  which  somehow  dominates  the  wave  propagation 
problem,  and  which  has  a  shape  not  greatly  differing  from  that  of  the  curve 
measured  statical^.  This  is  certainly  not  a  satisfactory  or  complete 
explanation,  and  others  have  been  advanced;  see,  for  example.  Bell  and  Stein 
(1962)  and  Karnes  and  Ripperger  (1966).  Since  our  interest  is  in  structural 
rather  than  pure  metals,  we  shall  not  pursue  this  further.  Obviously  the 
disagreements  are  basic  to  the  subject,  and  their  explanation  would  be 
pertinent  to  investigations  of  other  metals. 

Tests  on  the  dynamic  plastic  behavior  of  the  structural  aluminum 
alloys  have  been  reported  by  a  considerable  number  of  investigators.  In 
general,  the  alloys  of  higher  static  strength  have  smaller  strain  rate 
sensitivity.  Tuis  trend  has  been  particularly  clearly  shewn  by  very  recent 
tests  of  Green,  Maiden,  and  Babcock  (1966).  They  found,  for  example,  that 
6061-T6  in  a  fully  strengthened  condition  had  no  measurable  strain  rate 
effect,  but  that  a.n  an  annealed  condition,  and  at  higher  temperatures,  sub¬ 
stantial  rate  sensitivity  was  determined.  However,  the  evidence  concerning 
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6061-T6  is  not  without  contradictions.  Hoge  (1965)  recently  published  test 
results  showing  a  ratio  of  dynamic  yield  strength  to  static  of  over  20 
percent  at  a  strain  rate  of  about  100  sec  ^ ,  Earlier  work  includes  similar 
contradictory  reports  on  6C&1-T6',  Maasard  and  Collins  (1950)  could  find  no 
rate  sensitivity,  but  Ripperger  and  Turnbow  (1959)  reported  an  increase  of 
yield  stress  proportional  to  the  strain  rate,  with  a  rise  of  approximately 
10  percent  at  1000  sec  L „  Steidel  and  Makerov  (1960)  gave  results  for  a 
number  of  aluminum  alloys:  5154-0,  5456-0,  6061-0,  6061-T6,  7075-0,  and 
7075-T6,  making  tests  at  strain  rates  up  to  about  100  sec  ^ .  Unlike  Green 
et  al.  they  found  6061  to  have  no  rate  dependence  in  either  the  0  or  T6 
condition;  but  7075  was  shown  to  exhibit  about  the  same  increase  in  yield 
stress  in  both  0  and  T6  conditions. 

The  observed  differences  in  strain  rate  sensitivity  of  6061-T6  might 
well  be  ascribed  to  differences  in  heat  treatment  or  aging,  although  the 
negative  results  just  quoted  of  Steidel  and  Makerov  (1960)  contradict  this 
explanation.  Clearly  differences  in  technique  may  be  responsible  for  part 
of  the  discrepancies.  In  any  case  these  are  small  effects  (compared  to 
mild  steel). 

Finally,  Steidel  and  Makerov  (I960)  gave  results  for  a  series  of 
titanium  alloys,  finding  rate  sensitivity  of  about  1.80  for  alloy  RS-55 
(with  static  yield  stress  43  ksi),  of  1,30  for  alloy  RS-110B  (static  yield 
120  ksi),  and  negligible  rate  dependence  for  the  strongest  alloy  tested, 
namely  RS--13Q  (static  yield  stress  146  ksi). 

To  sum  up,  this  brief  review  of  data  concerning  strain  rate 
dependence  of  behavior  in  the  plastic  range  of  metals  may  suffice  to  show 
the  magnitude  of  the  effects  in  metals  of  structural  interest,  and  at  the 
same  time  some  of  the  uncertainties  in  knowledge  about  this  behavior.  Tf  ' 
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lower  yield  stress  of  mild  steel  is  substantially  raised:  strain  rates 
in  the  range  10  sec  ^  to  100  sec  1  can  lead  to  an  increase  of  100  percent 
over  the  static  value  (Fig.  16).  But  there  is  no  unique  curve  for  "low 
carbon  steel";  Fig.  17  shows  variations  of  25  percent  between  steels  of 
approximately  the  same  static  strength,  at  a  strain  rate  of  10  sec  \ 

Higher  strength  carbon  and  alloy  steels  show  in  general  much  less  rate 
sensitivity  than  mild  steel,  but  yield  stress  increases  (20  to  40  percent) 
have  been  reported  for  steels  of  50  -  60  ksi  static  yield.  Structural 
aluminum  alloys  also  have  much  less  rate  sensitivity,  and  although  yield 
stress  increases  of  25  percent  have  been  reported,  these  are  not  consist¬ 
ently  found;  the  discrepancies  reflect  differences  both  in  condition  of 
the  metal  and  in  methods  of  testing.  Some  other  structural  metals  and 
alloys,  notably  those  of  titanium,  exhibit  rate  effects  comparable  to  those 
of  mild  steel. 

6.  Yield  delay  time.  The  property  of  yield  delay  time,  exhibited  by  mild 
steel  and  some  other  metals,  consists  in  a  delay  in  the  development  of 
plastic  strains  when  the  specimen  is  subjected  to  stresses  above  the  static 
(upper)  yield  stress.  This  phenomenon  was  noticed  in  very  early  investi¬ 
gations  (B.  Hopkinson,  1904),  but  was  first  studied  systematically  by 
Clark  and  Hood  (1949).  It  has  had  much  experimental  and  theoretical  study 
since  then  (see,  for  example,  Campbell  and  Marsh,  1962,  and  Krafft  and 
Sullivan,  1959).  The  simplest  case  is  that  in  which  a  pulse  of  stress  is 
very  rapidly  applied  and  maintained  constant.  The  observed  delay  time  is  a 
function  of  the  excess  stress  applied  above  the  static  upper  yield;  for 
stressc  low  the  static  upper  yield  magnitude  the  delay  time  is  indeterminate. 
It  is  .  u  that  a  plot  of  the  excess  stress  against  the  logarithm  of  the 
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delay  time  is  close  to  a  straight  line,  although  a  log-log  plot  gives  a 
more  linear  relationship  at  small  times. 

If  the  loading  is  not  a  simple  step  pulse  it  is  possible  to 
compute  an  equivalent  delay  time  by  an  assumption  of  proportional  damage 
accumulation.  This  was  done  by  Vigness,  Krafft,  and  Smith  (1957),  with 
the  results  shown  in  Fig.  IS  Experiments  employing  constant  J  ad, 
constant  rate  of  increase  of  load,  and  oscillatory  loading  were  used,  and 

the  data  determine  a  straight  line  in  the  semi-log  plot,  within  the  limits 

of  experimental  accuracy. 

Examples  of  stress-strain  curves  at  constant  strain  rate  for 
mild  steel  have  already  been  given  in  the  isometric  projection  diagram  of 
Fig.  14  (Marsh  and  Campbell,  1963).  These  tests  show  a  marked  enhancement 
of  the  upper  yield  stress  as  the  strain  rate  is  increased;  the  upper  yield 
stress  is  increased  more  rapidly  than  the  lower  yield  stress.  This 
enhancement  is  shown  in  the  curves  of  Figs.  I  5(a)-(c),  from  Marsh  and 

Campbell  (1963),  and  more  strongly  in  those  of  Fig.  I  5(d)  from  Aspden  and 

Campbell  (1966),  The  comparison  of  the  two  sets  of  curves  is  of  interest 
in  showing  details  determined  by  improvements  in  instrumentation,  using 
essentially  the  same  impact  apparatus,  and  similar  steels.  The  connection 
between  yield  delay  time  and  upper  yield  stress  has  been  recognized;  see, 
for  example,  the  discussion  of  Krafft  and  Sullivan  (1959). 

The  yield  delay  time  and  enhanced  upper  yield  stress,  as  observed 
in  laboratory  impact  tests  of  mild  steel,  would  appear  at  first  glance  to 
be  highly  significant  for  applications  of  analytical  approaches  to  the  plastic 
deformation  of  engineering  structures.  Clearly  the  transition  from  wholly 
elastic  response  to  one  with  a  mixture  of  elastic  and  plastic  deformation 
might  be  strongly  affected  by  such  properties  as  yield  delay  time  and  Increased 
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upper  yield  stress,  and  analytical  predictions  of  plastic  deformations 
which  ignored  these  effects  could  be  nonsense.  Keil  (1960)  has  discussed 
the  inclusion  of  yield  delay  time  in  studies  of  dynamic  loading  of 
structures. 

In  practical  structures ,  however,  the  phenomena  of  yield  delay 
time  and  raised  upper  yield  stress  may  be  less  important  than  the  labora¬ 
tory  results  discussed  above  would  indicate.  These  quantities  are  observed 
in  laboratory  experiments  in  which  much  care  is  taken  to  eliminate  stress 
concentrations  and  eccentricity  of  loading.  It  was  noted  by  Belsheim  (1954), 
among  others,  that  the  yield  delay  time  and  upper  yield  stress  disappeared 
when  a  specimen  inadvertently  had  a  surface  flaw  or  scratch.  The  sensiti¬ 
vity  of  the  upper  yield  stress  to  these  conditions  has  been  well  known  in 
static  tests.  The  observed  enhancement  of  upper  yield  stresses  in  impact 
tests  may  mean  a  decreased  sensitivity  to  eccentricity  of  loading  in  impact. 
In  any  event ,  in  reel  structures  various  kinds  of  stress  raisers  are  almost 
inevitable,  and  yield  delay  times  and  upper  yield  stresses  may  rarely  be 
encountered.  Hence  it  is  conservative  and  realistic  to  ignore  them  in 
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The  lower  yield  stress,  on  the  other  hand,  has  no  such 
sensitivity  to  axiality  of  loading  and  absence  of  stress  concentrations, 
and  its  dependence  on  strain  rate  clearly  appears  in  practical  engineering 
structures  as  well  as  in  laboratory  specimens.  Its  consideration  as  a 
factor  in  design  is  therefore  justified.  Considerable  attention  will  be 
given  in  this  review  to  evidences  of  rate  sensitivity  in  experiments  on 
beams,  and  to  methods  of  including  this  behavior  in  analyses. 


Figure  Capt i ons  for  Chapter  I_ 


Figure 


I  1 


I  2 


I  3 


I  4 


I  5 


I  6 


Caption 

Forms  of  nominal  stress-strain  diagrams:  (a)  ■  _  \b) 

as  measured  for  structural  metals;  (b)  and  (c)  are 
idealizations. 

Moment-curvature  and  interaction  diagrams  for  beams: 

(a)  shows  representative  measured  moment-curvature  dia¬ 
grams,  (b)  and  (c)  idealized  moment-curvature  diagrams; 

(c)  rigid-perfectly  plastic,  (d)  shows  interaction  be¬ 
tween  bending  moment  and  axial  force:  curve  A  for  a 
rectangle,  curve  B  for  a  sandwich  beam,  (e)  shows  inter¬ 
action  between  bending  moment  and  shear  force  (limit  load 
curves  for  end-loaded  cantilever):  curve  A  for  rectangle, 
curve  B'  for  I  section,  where  0  is  limit  shear  force  for 
web  area. 

Bilinear  nominal  stress-strain  diagram  and  corresponding 
moment -curvature  diagram  (full  curves);  approximating 
bilinear  moment-curvature  diagram  (dashed  curve). 

Stress-strain-strain  rate  diagram  for  mild  steel  shown  as 
isometric  projection  (from  Marsh  and  Campbell,  1963); 
"constant  stress"  type  tests,  strain  rates  up  to  20  see-  . 
Stress  and  strains  are  compressive,  nominal  values. 

Comparison  of  results  of  compression  strain  rate  tests  of 
mild  steel:  (a)  -  (c)  from  Marsh  and  Campbell  (1963); 

(d) ,  (e)  from  Aspden  and  Campbell  (1966). 

(a)  Series  E:  "constant  strain  rate"  tests,  steel  with 
mean  grain  density  2033  grains  per  mm2. 

2 

(b)  Series  C:  "constant  stress"  tests,  2033  grains  uer  mm  . 

2 

(c)  Series  e:  "constant  stress"  tests,  773  grains  per  mm  . 

(d)  Curves  of  typical  "constant  stress"  tvne  test  of  Aspden 
and  Campbell  (1966). 

(e)  Families  of  stress-strain  curves  at  various  rates,  mean 
grain  density  2300  grains  per  mm  ,  for  comparison  with 
(b),  showing  changes  with  different  mild  steel,  details 
of  test  technique. 

Representative  data  on  strain  rate  dependence  of  lower  yield 
stress  of  mild  steel:  o  '/o  -  ratio  of  dynamic  to  static 

lower  yield  stress.  Tests  of  Marsh  and  Campbell  (1963), 
Aspden  and  Campbell  (1966),  and  Whiffin  (194B)  in  comores- 
sion;  all  others  in  tension;  Clark  and  Duwez  (1950)  used 
circumferential  tension  in  cylinder  with  internal  pressure. 


F  igure 
I  7 

I  8 


Caption 

From  Massard  and  Collins  (1950):  examples  of  yield  stress 
dependence  on  strain  rate  for  several  structural  steels. 

From  Vigness,  Krafft,  and  Smith  (1958):  increase  of  upper 
yield  stress  over  static  upper  yield  stress  as  function  of 
delay  time  (computed  by  integration  so  as  to  give  the  equiva¬ 
lent  of  constant-load  test.) 

Points  marked  o  for  constant  load  test. 

Points  marked  +  for  uniformly  increasing  load. 

Points  marked  A  for  combined  constant  and  oscillatory  load. 
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C'napter  II 

BEAMS  -  ANALYTICAL  METHODS 


1.  Basic  Ideas 

A  beam  is  the  simplest  prototype  of  the  general  continuous  engineering 
structure.  Here  "beam"  means  a  body,  one  of  whose  dimensions  is  large  compared  to  the 
maximum  transverse  dimension.  The  simplest  case  is  a  straight  bar  of  uniform  cross- 
section.  This  is  by  definition  a  "beam"  if  the  loads  are  mainly  transverse  to  the  long 
axis. 

A  beam  is  a  three-dimensional  body,  but  a  treatment  must  be  given  in  terms 
of  stress  resultants;  bending  moments  M,  shear  forces  0,  axial  force  N  and  torque 
T ;  arising  .from  normal  and  shear  stresses  acting  on  a  cross-section  plane.  Effects  of 
transverse  normal  stresses  are  generally  ignored.  It  is  convenient  to  use  principal 
axes  and  to  separate  general  loads  into  components  parallel  to  principal  planes. 

The  material  properties  of  the  beam,  originally  given  by  a  yield  function 
and  stress-strain  relations  describing  the  elastic  and  plastic  behavior,  are  trans¬ 
lated  into  corresponding  terms  involving  the  stress  resultants.  In  the  simplest  case 
of  transverse  loading  only  one  bending  moment  M  must  be  considered,  so  that  a 
diagram  of  M  as  function  of  curvature  k  takes  the  place  of  the  simple  tension- 
compression  stress-strain  diagram,  as  in  Figs,  12,  13.  This  exhibits  an  elastic  range 
with  slope  El,  a  yield  moment  M^,  and  a  strain -hardening  curve.  For  certain  highly 
ductile  structural  metals  it  is  a  good  and  conservative  approximation  to  replace  the 
rising  part  of  the  curve  by  a  horizontal  line  at  a  magnitude  M  ;  this  constant 

r 

moment  magnitude  represents  the  limit  moment  or  fully  plastic  moment  of  the  methods 
of  plastic  design  of  beams.  As  indicated  in  Sections  5  and  6  of  Chapter  I,  most 
structural  metals  have  different  plastic  behavior  at  high  strain  rates  than  they  do 
under  static  conditions,  and  this  is  reflected  in  the  M  -  k  curve,  which  r.ow  depends 
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on  the  curvature  rate  k. 

Even  if  the  loads  are  parallel  to  one  principal  plane,  it  may  not  be 
permissible  to  disregard  the  shear  force  and  normal  force  in  the  plastic  behavior. 

There  is  in  general  loading  always  an  interaction  between  M,  Q,  and  N,  but  the 
importance  of  taking  account  of  Q  and  N  depends  on  their  magnitudes  relative  to  M. 
These,  in  turn,  depend  on  the  geometry  of  the  beam  (length-depth  ratio,  etc.),  on  the 
constraints,  and  on  the  loading  intensity  and  distribution.  Work  of  Drucker  (1956) 
and  Neal  (1961),  among  others,  has  dealt  with  such  interaction  relations.  Very  few 
studies  have  made  use  of  them  in  dynamic  problems,  and  these  will  be  discussed 
subsequently. 

The  response  of  a  beam  to  a  severe  dynamic  load  is  a  complicated  set  of 
phenomena.  Elastic  vibrations  are  excited.  At  certain  times  and  locations  the  yield 
moment  of  the  beam  will  be  reached.  Then  plastic  deformation  occurs  in  regions  whose 
boundaries  move,  and  which  are  separated  by  regions  where  the  yield  condition  is  not 
satisfied  and  hence  elastic  action  continues.  The  problem  of  determining  in  detail 
the  simultaneous  elastic  and  plastic  actions  is  obviously  beyond  conventional  analytical 
techniques.  It  can  be  handled  only  by  completely  numerical  procedures,  with  difficult 
questions  as  to  stability  and  convergence  in  choosing  intervals  remaining  to  be 
answered,  or  by  special  analytical  methods  appropriate  to  special  ranges  of  conditions. 

The  above  refers  to  solutions  in  which  deformations  of  the  beam  at  all  points 
along  its  length  are  determined;  that  is,  in  which  the  beam  is  treated  as  a  con¬ 
tinuum  either  by  differential  or  by  difference  equations.  Because  of  the  difficulties 
indicated,  most  of  the  work  concerned  with  design  problems  has  replaced  the  actual 
beam,  frame,  or  other  structure  by  a  model  consisting  of  an  "equivalent"  mass-spring 
system  of  one  degree  of  freedom,  or  a  small  number  of  degrees  of  freedom.  This 
approach  will  be  valid  if  there  is  actually  one  mode  (or  a  small  number  of  modes)  of 
deformation  (elastic  and  plastic)  which  predominate^  over  all  others.  If  interactions 
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between  many  modes  need  to  be  considered,  this  method  becomes  extremely  cumbersome,  and 
there  is  little  evidence  in  the  literature  as  to  its  reliability.  However,  it  is 
essentially  all  that  can  be  done  in  most  cases  of  complex  structure. 

In  the  following,  main  attention  will  be  given  to  the  concepts,  the  main 
results,  and  the  limitations  as  to  further  extensions  (as  they  appear  to  the  writer) 
of  the  approaches  to  dynamic  plastic  analysis  of  beams.  A  few  investigations  with  a 
close  combination  of  analysis  with  experiments  have  been  published.  These  are  mentioned 
at  appropriate  places  and  will  be  discussed  more  throughly  in  Chapter  III.  Little 
attention  can  be  devoted  to  methods  which  treat  a  complex  structure  as  a  one-degree- 
of -freedom  mass-spring  system,  since  almost  no  test  data  is  available  in  the  open 
literature  with  which  such  results  can  be  checked. 


2.  Elastic-plastic  Analysis 

There  is  only  one  "exact"  theory  for  a  material  supposed  to  have  a  general 
elastic -plastic  stress-strain  characteristic.  This  theory  was  developed  by  H.  F. 
Bohnenblust  (Duwez,  Clark,  and  Bohnenblust,  1950),  and  is  based  on  a  result  obtained 
much  earlier  by  Boussinesq  (1885).  It  rests  on  the  reduction  of  the  partial  differential 
equations  of  the  beam  motion: 


3x 


24-o 

(2.1) 

3t" 

3M 

3x 

(2.2) 

:M<4> 

(2.3) 

(where  Q  =  shear  force,  M  =  bending  moment,  k  =  curvature,  y  =  transverse  displacement) 

to  an  ordinary  differential  equation  through  the  introduction  of  the  new  independent 
2 

variable  cx  /t  where  c  is  a  suitable  constant.  Bohnenblust  showed  that 
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^  =  f(n) 


(2.4) 


where 
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For  any  relation  M  =  M(k)  between  bending  moment  M  and  curvature  <  the  system  of 
Equations  (2.1)  -  (2.3)  can  be  reduced  to  an  ordinary  differential  equation  for  a 
new  dependent  variable  S(n), 


where 


H +  EI  as- s  s  1 

dn 


ct  \  2a  j—  _  2a  j—  dM 
S(n)  =  eT  /Fq  = 


(2.6) 


Formulas  giving  M,  Q,  k,  and  y  in  terms  of  definite  integrals  involving  S(n)  are 
easily  derived,  and  in  principle  a  complete  solution  for  a  general  elastic-plastic 
material  can  be  obtained.  However,  the  Bohnenblust  solution  involves  the  following 


limitations : 


1.  The  solution  is  for  a  constant  velocity  impact;  the  beam  being  at  rest 

for  t  <  0,  the  force  P  required  to  produce  the  impact  velocity 

V  at  x  s  0,  t  >  0  is  found  to  be 

o  — 


p  _  EI_  S(0) 

a3  /r 


The  impact  velocity  is  related  to  5(n)  through 
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(2.8) 


(2.9) 


The  solution  holds  only  for  the  above  conditions;  unloading  cannot  be 


treated. 


t 


2,  The  solution  holds  for  an  infinite  beam  struck  at  x  ~  0;  no  modification 
to  treat  finite  beams  seems  possible. 

Solutions  of  the  Bohnenblust  type  have  been  given  for  semi-infinite  beams 
under  constant  velocity  impact  with  constant  moment  (Conroy,  1956);  and  a  number  of 
comparisons  have  been  made  between  elastic-plastic  and  rigid-plastic  beams  (El  -*■  ~), 
and  between  perfectly  plastic  and  linearly  work  hardening  materials  (Conroy,  1952). 
These  comparisons  show  the  spread  of  deformations  for  particular  conditions,  but  do 
not  seem  to  provide  any  general  guide-lines  for  other  loading  conditions  on  finite 
beams. 

In  Section  1  of  Chapter  III  some  results  of  Bohnenblust 's  solution  will 

be  compared  with  those  obtained  by  simpler  approximate  methods  for  the  same  problem 

and  for  modified  problems  which  may  more  realistically  represent  conditions  in  the 

experiments  described  by  Duwez,  Clark,  and  Bohnenblust. 

An  elastic -plastic  theory  for  dynamic  loading  which  is  less  exact  (in 

general)  but  much  more  widely  applicable  and  useful  than  the  Bohnenblust  type  of 

analysis,  is  that  due  to  Bleich  and  Salvadori  (1955)  and  applied  later  by  Thomson 

(1954),  Allen  (1955),  Alverson  (1956),  Seiler,  Cotter,  and  Symonds  (1956)  and  others. 

The  basic  ideas  of  the  method  are  that  the  motion  of  the  beam  (or  other  structure) 

is  elastic  during  the  initial  instants  of  motion  and  is  described  by  an  analysis 

in  terms  of  a  certain  set  of  normal  modes;  this  initial  elastic  phase  ends  when 

the  bending  moment  at  some  cross-section  reaches  the  limit  moment  M  .  The  method  is 

P 

simplest  to  apply  if  the  beam  is  made  of  perfectly  plastic  material  with  M  =  M 

P 

while  plastic  flow  occurs.  If  the  material  is  assumed  to  be  of  this  type,  the 
elastic  phase  is  succeeded  by  an  elastic-plastic  phase  which  again  is  described  in 
terms  of  normal  modes,  but  which  in  general  requires  different  normal  modes  than  those 
of  the  initial  elastic  phase  because  different  end  conditions  must  be  satisfied.  The 
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cross-section  where  the  limit  moment  was  first  reached  is  assumed  to  remain  at  M  during 

P 

this  phase,  while  on  adjacent  cross-sections  the  yield  moment  is  not  reached,  so  that 
equations  of  elastic  beam  dynamics  apply.  Thus,  there  is  one  cross-section  at  which 
plastic  deformation  occurs,  all  other  parts  of  the  beam  betavirg  elastically;  the  section 
where  M  =  behaves  as  a  plastic  hinge,  plastic  deformation  in  the  beam  being  concen¬ 
trated  at  this  point.  The  hinge  is  assumed  to  remain  stationary.  Continuity  of  displace¬ 
ment  and  velocity  exists  across  the  hinge,  but  not  of  slope  angle  8  and  angular 
velocity  6.  The  slope  angle  8  at  the  plastic  hinge  is  not  directly  related  to  the 
moment  there.  The  hinge  remains  active,  and  plastic  deformation  continues  so  long  as 
0  >  0.  When  0=0  the  plastic  hinge  disappears  provided  for  subsequent  times  M  <  M^. 
Further  motion  then  obeys  equations  of  elastic  motion. 

If  the  beam  is  made  of  a  work  hardening  material  the  plastic  deformation 
cannot  be  taken  to  occur  at  a  single  isolated  cross-section,  as  is  customarily  done 
in  theory  of  ideally  plastic  structures  (ignoring  the  implication  of  infinite  strains). 

The  plastically  deforming  region  must  occupy  a  finite  length  Ax  across  which  the  slope 


angle  change  A0  is 


(2.10) 


where  and  are  the  bending  moments  at  the  ends  of  the  plastic  segment.  If  the 
length  of  the  plastic  region  is  assumed  to  be  constant,  an  analysis  of  Bleich-Salvadori 
type  can  be  carried  out  in  tenns  of  normal  modes,  although  with  much  more  difficulty. 
The  method  does  not  seem  to  have  been  applied  except  for  an  ideally  plastic  material. 
Strain  hardening  can,  however,  be  taken  into  account  very  roughly  by  taking  H  larger 
than  the  actual  yield  moment,  by  an  amount  depending  on  the  deformation. 

The  method  is  easy  to  describe  and  straightforward  to  apply,  in  principle. 

In  practice,  there  is  a  considerable  amount  of  labor  in  determining  the  successive  sets 
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of  normal  mode  functions,  and  the  calculations  of  the  time  when  0=0,  and  of 

the 

r 

m 

permanent  angular  and 

lateral  deformations  are  tedious.  The 

series  for  the  deflec- 

T* 

tion 

usually  converges  rapidly ,  but  the  series  obtained  after 

•  differentiations 

to 

give 

0  and  6  converges  more  slowly  or  may  fail  to  converge. 

;  1 

Elastic-plastic  solutions  have  been  worked  out  in 

terms  of  normal  modes 

for 

the  following  problems: 

i 

i 

•  t 

Table  II  1 

1 

'( 

ELASTIC 

-PLASTIC  SOLUTIONS  OF  NORMAL  MODE-PLASTIC  HINGE  TYPE 

j 

] 

CASE 

END  CONDITION 

LOADING 

REFERENCE 

;  t 

1 

(a) 

free -free 

V 

impulsive,  y(0,x)  =  -7(1  -  cos  y^.) 

Bleich  fc 

(1955) 

t 

(span  2L) 

(x  as  in  Fig.  II  1)  L 

Salvadori 

.  & 

{  i 

f 

(b) 

\  •*»  £■ 

Seiler,  Cotter  6 

(1956) 

Symonds 

(c) 

simple  supports 

uniform  load:  rectangular 

• 

pulse 

Seiler 

(1954) 

<d> 

simple  supports 

mid-point  force  step  functions 

TL.  —  _ - 

i  iiuuiSuii 

(13S4) 

(e) 

clamped 

mid -point  force:  step  functions 

Thomson 

(1914) 

(f) 

cantilever 

impact:  base  changes  velocity 

Alverson 

(1956) 

linearly  in  time, 

:  * 

then  remains  constant. 

(g) 

cantilever 

with  mass  at 

same  as  (  f ) 

Stallybrass 

(1960) 

* 

tip 

<h) 

cantilever 

uniform  pressure:  triangular 

Allen 

(1955) 

(blast ) 

, . 

pulse 

3 
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As  an  illustration  of  the  method  just  described  the  solution  of  case  (b) 
above  is  presented.  The  problem  to  be  considered  is  the  elastic-plastic  response  of  a 
prismatic  beam  of  span  2L  and  flexural  rigidity  El  with  the  following  initial  conditions 
on  displacement  and  velocity: 

y(xto)  =  0;  (x,o)  =  Vq  sin  (2.11) 

The  beam  is  assumed  to  be  simply  supported,  and  the  boundary  conditions  are  written  as 
follows : 


y(0,t)  =  y(2L,t)  =  0 

2  2  (2-12) 

(0,t)  =  (2L,t )  =  0 

3x  3x 

Fig.  II  1  shows  the  initial  beam  configuration  and  positive  directions  of  co-ordinates 
and  moments. 

The  analysis  is  based  on  the  moment-curvature  relationship  shown  in  Fig.  112, 
and  the  equation  for  the  elastic  phase  of  the  motion  is  taken  to  b* 


3x 


Lx  = 
at2 


(2.13  1 


Solving  Equation  (2.13)  with  Equations  (2.11)  and  (2.12),  we  obta.. 


y(x.t) 


4V  kL2  2 

O  .  WX  TT  t 

- = —  Sin  tct  sin  — — 

u  4kL 


(2.14) 


where 


k 


2 


m 

El 


(2.15) 


As  stated  previously,  the  elastic  phase  ends  when  the  maximum  moment  in  the 
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beam  reaches  the  limit  moment  M  .  This  occurs  at  x  =  L  at  a  time  t,  such  that 

P 


W(L,t  )  =  M  =  (L,t  ) 

1  p  3x 


(2.10 


or,  using  equation  (2.14),  when 


(2.17) 


From  equation  (2.14),  the  conditions  at  time  t  or  the  initial  conditions  for  the  elastic- 


plastic  phase  are 


4V  kL 

,  „  .  o  .  itx  . 

yCx.l^)  - - stn  y  sin  n! 

IT 


(2.18) 


!£  (x*ti)  =  v0  sin  5rcos  Tii 


(2.19) 


where 


(2,20) 


Fig.  II  3  shows  the  assumed  shape  of  the  beam  for  the  elastic-plastic  phase 
with  a  plastic  hinge  at  the  center  where  rotation  is  unrestricted  while  for  the  remain¬ 
ing  half  beams  of  length  L,  equation  (2.13)  applies.  Therefore,  equation  (2.13)  must 
be  solved  subject  to  the  initial  conditions  given  by  equations  (2.18)  and  (2.19)  and 
the  following  boundary  conditions: 


y(0,t)  =  LL  (0,t)  =  0 
3x 


(2.21 ) 


2  3 

-El  — "E  (L,t)  =  M  ;  (E,t)  -  0 

3x  P  3x 


(2.22) 
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The  final  general  solution  is  obtained  in  the  form 


where 


y  =  i|/(x,t)  +  Y(x.t) 


(2.23) 


HL‘  5  3  3x( t -t  ) 

. ,  p  rx  x  1 

^(x.t)  =  -£r-  t - r - 3  -  —yr -  3 

EI  40LT  4L3  2k2lT 


(2.24) 


Y(x,t )  =  [A  +  B  ( t— t .  )]x  +  1  X  (x) 
o  o  1  ,  n 

n=l 


X2(t-t  )  X2(t-t  ) 

[A  sin  -n— . - +  B  cos  r -  ] 

n  k  n  k 


(2.25) 


X(x)=sinXL  sinh  X  x  +  sinh  X  L  sin  X  x 
n  n  n  n  n 


and  X  satisfies  the  equation 
n 


tanh  X  L  =  tan  X  L 
n  n 


(2.26) 


so  that  X  L  =  nn  +  n/4. 
n 

The  coefficients  Aq,  B^,  A^,  and  B^,  are  evaluated  in  the  usual  manner  by  using  the 
initial  conditions  given  by  equations  (2.18)  and  (2.19). 

For  the  foregoing  solution  to  be  correct,  the  bending  moment  |M(x»t)|  < 
at  all  points  in  the  range  0  <_  x  <_  L,  and  the  sense  of  rotation  across  the  plastic 
hinge  must  agree  with  that  of  the  bending  moment  at  the  hinge.  The  latter  remark 
indicates  that  the  solution  is  invalidated  at  a  time  tf  such  that 

;Tr^?y"  (k»tr  )  —  0  (0 

By  solving  equation  (2.27)  an  expression  is  obtained  for  the  time  t^and 


-30- 


substituting  this  value  for  t  in  equation  (2.23)  the  maximum  deflection  6^  and  slope  0^. 
at  midspan  are  given  as  follows : 


El  .  49  39  9  24  '2  48  yrr,-—  ' 
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(2.29) 


°f  = 


4kL 


(tf  -  t1  ) 


mEIV 


S  = 


2M 


(2.30) 

(2.31 


In  the  above  equations  the  approximations  that  a  =  A  L  =  nir  +  tt/4,  tanh  a  =1.  and 

n  n  n  ’ 

sinh  a  1  for  all  n  are  made, 
n 

The  elastic-plastic  solution  is  plotted  ir.  Figs.  II  4  for  various  values  of 
S  which  is  the  ratio  of  the  initial  kinetic  energy  to  the  maximum  elastic  energy 
capacity  of  the  beam.  With  the  exception  of  Fig.  H  4(a)  ,  all  the  other  figures  show 
a  point  of  zero  slope  before  the  absolute  maximum  point  of  the  total  plot.  The 
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corn  putat  ion  of  the  final  angle  6f  is  based  on  the  time  when  the  slope  of  the  curve  of 
0  versus  time  first  becomes  zero  and,  therefore,  in  many  cases,  it  is  likely  that  the 
theory  will  not  give  the  correct  maximum.  No  attempt  was  made  to  investigate  this 
phenomenon,  but  it  does  indicate  another  elastic  phase  followed  by  an  elastic-plastic 
phase  which  would  require  a  second  set  of  eigenfunction  solutions.  Results  are 
presented  in  Table  II  2  for  both  the  first  maximum  and  the  absolute  maximum  points 
of  the  curves.  It  is  expected  that  the  corresponding  maximum  values  give  the  range 
within  which  the  actual  maximum  deformation  occurs. 

The  problem  under  discussion  was  also  analyzed  by  Seiler,  Cotter,  and  Symonds 
(1956)  assuming  the  beam  to  be  composed  of  a  rigid-plastic  material.  In  this  case 
elastic  deformation  is  neglected,  and  the  moment-curvature  relation  is  as  illustrated 
by  the  dotted  line  in  Fig.  II  2 .  It  is  shown  that,  in  order  to  satisfy  the  boundary 
conditions  at  the  supports  and  tha  assumed  moment-curvature  relation,  the  beam  must 
deform  with  rigid  segments  at  the  supports  separated  by  a  central  finite  plastic  zone. 
The  plastic  zone  has  a  constant  moment  and  the  plastic  interfaces  separating  the 
three  segments  travel  towards  the  center  of  the  beam.  In  the  final  phase  of  the 
deformation  process  the  central  plastic  zone  reduces  to  a  point  hinge  at  the  center, 
and  the  half  beams  rotate  about  this  hinge  until  all  the  energy  is  absorbed.  The 
final  angle  0^.  of  the  tangent  line  of  the  middle  is  given  by 

M  , 

_£__«=  -r  (2.32) 

mLV  * 
o 

This  approach  to  problems  of  dynamic  loading  is  outlined  in  greater  detail  in  a  later 
section  of  this  survey,  but  for  the  purposes  of  comparison, results  computed  from 
equation  (2.32)  are  included  in  Table  II  2  under  the  heading  "rigid-plastic.'' 

Bleich  and  Salvadori  suggested  an  "upper  bound"  solution  wnich  assumes  that 


1 


the  initial  kinetic  energy  is  completely  absorbed  by  a  single  plastic  hinge  at  midspan. 
This  is  a  simplified  rigid-plastic  solution,  and  the  angle  of  rotation  at  midspan  is 
readily  obtained  from  the  following  equation 


1/2  mLV  =  2M 

o  p  f 


Deformation  values  calculated  from  equation  (2.33)  are  also  given  in  Table  II  2.  It 
must  be  noted  that  for  some  problems  equation  (2.33)  may  not  determine  an  upper  bound. 


Discussion 

The  elastic-plastic  method  of  Bleich  and  Salvadori  only  applies  when  the 
plastic  hinge  is  stationary  and  when  the  length  of  the  hinge  may  be  neglected  in  the 
analysis.  Theoretically,  non-uniform  or  unsymmetrical  loading  arrangements  can  be 
considered  and  also  force  pulses  of  various  amplitudes  and  durations  may  be  treated 
but  computations  may  become  troublesome,  and  some  series  of  the  solution  may  not 
converge  or,  at  best,  converge  very  slowly.  An  extension  to  the  elastic-plastic 
theory  has  been  proposed  by  Bleich  (1956)  by  which  many  hinges  at  various  locations 
may  be  included  in  the  analysis.  This  is  accomplished  by  using  a  numerical  method  to 
find  the  contribution  of  the  rotations  at  the  plastic  hinges  to  the  total  deformation. 
The  same  approach  is  employed  by  Baron,  Bleich,  and  Weidlinger  (1961)  in  describing 
a  completely  numerical  solution  and  is  presented  in  Section  3  of  this  chapter  and  is, 
therefore,  not  included  here. 

The  fundamental  difficulty  of  a  Bleich-Salvadori  type  of  solution  is  that  it 
is  unable  to  consider  "spreading"  of  the  plastic  hinge  at  large  loads,  i.e.,  violation 
of  the  limit  condition  >|Mjover  a  finite  section.  In  the  problem  under  discussion, 
the  authors  (Seiler,  Cotter,  and  Symonds)  examined  the  plastic-moment  condition  at 
sections  along  the  beam.  E_y  retaining  only  leading  terms  in  equation  (2.25)  an 
approximate  expression  for1  bending  moment  is  obtained  as  follows: 


(2.33) 
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where  £  =  — ,  a  =  nir  +  ir/4,  n 
L  n 


4kL 


7  (t  -  T> 


Using  equation  (2.34),  Figs.  II  5(a)  and  II  5(b)  show  plots  for  two  values  of  t, ' 
with  M/Mp  as  ordinate  and  £  as  abscissa.  These  equations  show  ,  in  an  approximate 
manner,  that  the  limit  moment  will  be  exceeded  at  £  =  0.9  when  S  >  1.2  and  at  £  =  0.5 
when  S  >  3.9.  For  quite  reasonable  values  of  S  >  1,  these  equations  and  curves 
demonstrate  that  the  limit  moment  will  be  exceeded  over  an  appreciable  length  of  the 
beam. 


For  large  energy  ratios,  i.e.,  for  S  approaching  infinity,  the  elastic- 
plastic  solution  should  approach  the  rigid-plastic  solution,  but  referring  again  to 
the  example  just  outlined,  the  values  0.246  and  0.167  given  by  the  respective 
theories  for  Mp6f/mLV^  are  in  poor  agreement.  The  "single  hinge"  rigid-plastic 
solution  gives  a  corresponding  value  of  0.25  which  agrees  well  with  the  limit  of  the 
elastic-plastic  theory,  but  this  agreement  is  to  be  expected  since  both  approaches 
are  based  on  the  single  hinge  assumption.  The  limiting  value  for  deflection  by  the 
elastic-plastic  theory  is  0.246  wnich  shows  better  correlation  with  values  of 
0.239  (rigid-plastic)  and  0.25  ("single  hinge"  rigid-plastic)  tnan  the  values  for 
angular  deformations  show. 

It  must  be  concluded  that  the  elastic-plastic  solution,  as  presented,  is 
only  strictly  true  for  deformations  occurring  in  the  range  S  a  1  when  elastic 
effects  need  to  be  :onsidered.  No  experimental  work  has  been  carried  out  with  the 
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specific  puipOSc  of  testing  the  elastic— plastic  solution  in  this  range  or  low  iniensity 
loading.  The  tests  results  of  Aspden  and  Campbell  ('966)  mentioned  in  Section  5  of 
Chapter  I  indicate  that  some  caution  may  be  required  in  choosing  a  value  for  the  yield 
moment.  They  showed  for  mild  steel  that  the  transition  from  elastic  to  plastic  states 
of  deformation  in  bending  may  occur  at  an  enhanced  value  of  the  static  plastic  moment 
where  the  yield  curve  shows  a  sharp  peak.  This  increase  in  yield  varies  with  the  rate 
of  loading  but  even  for  low  rates  the  effect  may  be  considerable.  However,  these 
effects,  as  noted,  depend  on  the  prior  treatment  of  the  material  and  on  the  geometry 
of  the  structure  in  complex  ways  that  have  received  little  investigation. 


3.  Numerical  treatments 

The  difficulties  of  elastic-plastic  analyses  of  the  types  outlined  above  are 
such  that  the  analytical  solutions  must  be  replaced  by  schemes  of  numerical  solution 
of  the  dynamical  equations.  Quite  general  numerical  schemes  have  been  described  by 
Newmark  (1959)  and  by  Baron,  Bleich,  and  Weidlinger  (1951).  These  schemes  both  replace 
tne  actual  structure  by  an  assemblage  of  discrete  masses  connected  by  various  kinds  of 
structural  elements;  they  approach  the  solution  in  different  ways,  which  will  be  out¬ 
lined.  A  basically  different  approach  is  that  in  which  the  partial  differential 
equations  of  motion  are  first  written  and  then  reduced  to  systems  of  difference 
equations  which  are  then  solved  by  appropriate  techniques.  The  only  complete  solution 
of  this  type  for  a  beam  seems  to  be  that  obtained  by  Alverson  (1956)  for  a  problem 
of  impact  of  a  cantilever. 

More  recently  than  Newmark  and  Baron  et  al,  a  group  under  Plan  and  Witmer  in 
the  Aeroelastic  and  Structures  Research  Laboratory  at  Massachusetts  Institute  of 
Technology  has  devised  schemes  for  the  numerical  solution  of  dynamic  load  problems  of 
beams,  arches,  plates,  and  shells  (Witmer,  Balmer,  Leech,  and  Pian,  1963).  Their 
numerical  technique  was  originally  programmed  for  the  MIT  7090  computer,  and  is  evidently 
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highly  successful v  in  view  of  the  generality  of  the  treatment,  the  complexity  of  the 
problems  solved,  and  the  apparently  efficient  use  of  machine  time.  Witmer-  et  ai  have 
included  not  only  elastic  deformations  but  finite  changes  of  geometry,  strain  hardening 
and  strain  rate  sensitivity  in  the  analysis.  Their  finite  difference  scheme  employs 
a  step-by-step  explicit  method,  the  structure  being  replaced  by  a  finite  number  of 
masses  and  connecting  links.  The  connecting  links  are  chosen  to  consist  of  two  or  more 
flanges  carrying  tension  or  compression  stresses,  separated  by  web  material  which  carries 
shear  stresses  but  is  assumed  to  undergo  no  shearing  deformation.  With  this  model, 
the  use  of  a  forward  difference  scheme  requires  restrictions  on  the  choice  of  the  time 
interval  At  in  relation  to  the  space  interval  Ax,  in  order  to  achieve  stability  in  the 
computations,  i.e.  in  order  to  prevent  errors  from  propagating  with  increasing  magni¬ 
tude.  Pian,  Witmer,  and  co-workers  have  not  analyzed  error  propagation  theoretically, 
but  find  empirically  that  At/Ax  =  0.7/C^  gave  satisfactory  results,  where  Cq  =  Sup 
is  the  speed  of  elastic  waves  of  plane  stress.  This  direct  proportionality  between 
At  and  Ax  is  apparently  due  to  the  choice  of  model. 

We  shall  not  attempt  to  describe  the  MIT  techniques  in  detail,  even  though 
they  are  the  most  versatile  of  those  that  have  been  described.  Reference  will  be 
made  later  to  one  result  presented  recently  in  discussion ;  this  concerns  the  problem 
of  a  beam  subjected  to  impulsive  load  at  the  tip,  and  will  be  described  in  connection 
with  test  results  on  beams  and  on  the  inclurion  of  rate  sensitivity  of  the  yield  stress. 

We  shall  summarize  the  approaches  of  Newmark  (1959)  and  of  Baron  et  al(1961) 
in  order  to  illustrate  some  of  the  problems  arising  in  numerical  treatments  of  elastic- 
plastic  problems. 

Referring  to  Newmark 's  method,  a  distinctive  feature  is  its  viewpoint  of 
separation  of  the  dynamic  problem  from  the  one  of  structural  properties.  The  mass  of 
the  structure  is  first  concentrated  in  a  finite  number  of  mass  particles.  There  are 
no  rules  for  making  this  substitution;  an  engineer  must  largely  depend  on  intuition. 
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Ai  any  rate,  tiici-t-  is  then  a  finite  number  of  degrees  of  freedom,  and  a  scalar  equation 
of  motion  for  each  degree  of  freedom.  Newmark  writes  the  typical  equation  of  motion  in 
the  form 

P ( t )  -  R  »  ma  (3.1) 

where 

a  is  the  acceleration  along  an  axis  corresponding  to  a  particular 
degree  of  freedom. 

m  is  the  mass  of  a  typical  mass  particle. 

P(t)  is  the  external  force  component  applied  along  the  axis  for 
which  a_  is  defined;  P(t)  is  assumed  to  be  known. 

R  is  the  resisting  force  exerted  by  the  structure,  along  the 
axis  for  which  a_  is  defined. 

Newmark 's  method  depends  on  the  concept  that  the  complete  system  of  resistive 

forces,  of  which  R  is  a  typical  member,  are  all  determinable  at  any  given  instant 

from  knowledge  of  the  current  geometrical  configuration,  the  history  of  deformations, 

and  the  known  properties  of  the  materials.  The  computation  of  the  system  of  resistive 

forces  requires  the  solution  of  equations  of  static  equilibrium,  even  though  viscous 

or  other  rate  dependent  physical  effects  are  involved. 

The  integration  of  the  equation  of  motion  (3.1)  is  performed  by  an  iteration 

scheme.  Consider  that  the  configuration  of  the  structure  is  known  at  time  t  so  the 

n 

displacements  and  veloci*.  ies  are  known  at  all  of  the  mass  points,  together  with  the 

resistive  forces  Rfi  of  the  structure.  Given  displacement  £n,  velocity  v^  and  acceleration 

an  <*t  t  »  the  problem  is  to  determine  £■  +  1,  v  +  1  at  time  t  +  1 
11  n  n  n 


t 

n 


Let  t 


n  +  1 


h 


(3.2) 
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Newmark  discusses  the  following  difference  formulas; 


v  =  v  +  (1  -  y)  a  h  +  ya  h 
n+1  n  n  n+i 


(3.3) 


(,  =4  +  v  h  +  -  6)  a  h2  +  8a  ,h2 

n+1  n  n  2  n  n+1 


(3.4) 


where  y  and  8  are  constants  to  be  chosen  so  as  to  facilitate  the  computation. 

Postponing  for  the  moment  discussion  of  the  choice  of  y  and  6,  the  iterative 
scheme  is  as  follows; 


1.  let  a  ,  be  a  guess  for  a 

n+1  n+1 

t  ^  I 

2. *  compute  vn+^  from  equation  (3.3)  and  ^rorrt  equation  (3.4) 

using  a’+1,  vn,  ^ 

3.  from  knowledge  of  the  configuration  of  the  structure  (all  values  of 

»  i 

and  ^n+1  having  been  found),  determine  the  corresponding 

I 

resistive  forces  R 


n+1 

tr 

4.  calculate  by  means  of  equation  (3.4), 


"  i  • 

an+l  m  ^Pn+1  ^n+i ^ 


(3.5) 


The  cycle  is  repeated,  if  necessary,  until  sufficiently  close  agreement  is  obtained 

1  M 

between  the  guessed  value  an+1  and  the  computed  value  an+1- 

The  choices  of  h,  y  and  S  are  governed  by  considerations  of  convergence  and 

stability.  Suppose  the  actual  motion  is  that  of  a  simple  harmonic  motion  with  radian 

2  ' 

frequency  w;  then  a  *  -w  £.  For  a  choice  a  ,  for  a  ,  we  have 

n+1  n+1 

t'.  =  (.  +  v  h  +  (i  -  8)  h2a  +  RhV  , 

nh  n  n  2  n  n+1 


"  _  2 

an+l  U  n+1 


I 
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w2  IT  +  v  h  +  (i-  -  >A)h2a  -  oi 
|_n  n  2  nj 


2  2 
Ph  a 


n+1 


The  actual  value  a^+^  is  given  by 


a  =  -  a) 
n+1 


S  +  v  h  +  -  6)h2a 

n  n  2  n 


2  2 

-  u  6h  a. 


n+1 


The  ratio  p  of  the  error  of  the  derived  result  to  the  error  of  the  assumed  result  is 

II 

3n+l  "  3n+l  _  2„u2  ^  c N 

p  :=  — -  =  -to  |3h  (3.0) 

an+l  an+l 

Convergence  of  the  iteration  scheme  requires  |p|<i.  Hence  we  have  the  result 
that  for  convergence 


„  2  2  ,  h  i  1 

h  <  li  orf  "27/6 


(3.7) 


where  T  =  2w/u)  is  the  period  of  the  motion.  Tor  a  complex  system,  T  must  be  taken  as 

the  smallest  natural  period  of  vibration,  i.e.  the  period  of  the  highest  mode  of 

vibration.  If  plastic  deformation  occurs,  the  periods  of  natural  vibration  increase; 

hence  h  can  be  correspondingly  increased. 

Stability  is  similarly  studied  under  the  assumption  that  the  system  is  in 

2 

simple  harmonic  motion  with  radian  frequency  w,  so  that  a  =  -w  £.  Appropriate 
equations  of  the  type  of  equations  (3.3),  (3.4)  can  be  combined  to  obtain  the  following 
difference  equation  in  £: 

W  -  (2  -  *  C„-l  ♦  “2<1'  -  J><S>  -  Vl>  ■  0  l3-8> 


where 


o  2v,2 

q2  _ _ ui  h 


O  'I 

1  +  6uTh‘ 


(3,9) 
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The  last  term  on  the  left  hand  side  of  equation  (3.B)  is  proportional  to  the  finite 
difference  formula  for  a  velocity,  and  hence  this  term  corresponds  to  a  viscous 
damping.  Since  the  system  is  assumed  to  be  executing  simple  harmonic  motion  and  to 
lack  physical  damping,  the  damping  term  in  equation  (3.8)  is  spurious.  Elimination 
of  the  unwanted  damping  term,  therefore  requires  the  choice  y  =  l/2.  and  the  difference 
equation  for  simple  harmonic  motion  is  then 


W  <n.i  ■  o 


If  one  looks  for  a  solution  of  form  =  X  ,  one  finds  that 


2  oh  .  . 

a  = - 4 

1  +  8u  h 


(3.10) 


(3.11) 


is  the  requirement  for  A  to  be  complex  and  hence  for  the  solution  to  be  stable. 

Summarizing,  in  Newmark's  method  the  iteration  scheme  makes  use  of  the 
following  difference  equations  relating  time  t,  acceleration  a,  velocity  v,  and 
displacement  £: 


h  =  t  ..  -  t 
n+1  n 


(3.1?a) 


a  =  — 
n  m 


P  (t )  -  R  (£) 
n  n 


(3.12b) 


v  =  v  *  r  a  h  +  r  a.h 
n+1  n  2  n  2  n+1 


(3.12c  ) 


£  .  =  t  +  vh  +  (h  -  6)  a  ti<  +  6a 

n+1  n  n  2  n  n+1 


( 3 . 12d  ) 


where  the  time  interval  h  and  the  constant  8  are  related  by  considerations  of 
convergence  and  stability,  assuming  the  system  to  be  executing  simple  harmonic  motion 
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with  period  T  =  2«/w  as  follows; 


Convei’gence : 


Stability : 


i*  <  JL  1 

T  -  ?it  /  6 


h  <  1  1 

T 1 "  /m? 


(3.13a) 


(3.13b) 


The  two  criteria  give  limits  as  indicated  in  Table  II,  3. 


Table  II  3 


Convergence  and  Stability  Mmit 


1/1?  1/8 


Limit  on  h/T 


Convergence  h/T  < 


0.5''  0.450  0.389  0.318 


Stability  h/T  <  0.318  0.389  0.450  0.551 


The  convergence  and  stability  limits,  it  should  he  remembered,  are  derived 
from  consideration  of  motion  of  the  system  in  simple  harmonic  motion  with  period  T. 

For  an  elastic  system  with  many  normal  modes,  T  must  be  interpreted  as  the  shortest 
natural  period.  In  more  complex  problems  in'r,*lving  plastic  deformations,  strain  rate 
dependence,  geometry  changes,  and  other  physical  effects  which  preclude  modal  analysis, 
the  above  can  only  be  taken  as  a  rough  guide.  As  a  matter  of  fact,  although  Newmark's 
method  has  been  applied  to  many  problems  of  elastic  and  elastic-plastic  deformation, 
there  seem  to  be  no  published  accounts  of  application  to  problems  where  geometry 
changes  required  changes  in  the  equilibrium  equations  and  in  tne  expressions  for 
material  behavior,  or  to  problems  involving  plastic  deformation  except  of  ideally 


plastic  nature.  Because  of  the  very  general  conceptual  nature  of  the  method  it  should 
in  principle  be  applicable  to  such  more  general  problems.  However,  question  of  conver¬ 
gence  and  stability  remain  to  be  investigated  for  these  problems. 

Less  general  but  more  direct,  and  simple  for  many  problems  are  finite  differ¬ 
ence  methods  of  more  conventional  type.  An  example  of  such  a  method  is  that  described 
by  Baron,  Bleich,  and  Weidlinger  (1961).  A  typical  beam  problem  is  indicated  in  fig.  II 
6(a),  The  distributed  beam  mass  is  first  replaced  by  a  number  of  mass  particles.  Tne 
notation  is  indicated  in  Fig.  II  6  ;  y..,  Q_. ,  and  being  displacement,  shearing 

force,  and  bending  moment  respectively.  The  intervals  b.  between  mass  particles  can 
be  chosen  arbitrarily,  a.<d  the  applied  force  per  unit  length  ,  mass  per  unit  length 
nu  ,  and  other  beam  properties  can  have  any  values  but  are  taken  as  constant  in  each 
interval  b^ .  Thus  the  equation  of  motion  for  the  typical  mass  particle  is 


M  -  M.  M.  -  M 

m.  y.  =  P.  t  Q.  -  0.  =  P.  +  - 1 - 

:  y3  3  Vl  3  3  b. 


0.1*0 


where 


m.  b,  +  m.  ,  b.  , 

-JLJ _ 2+1  2+1 


(3.15) 


q .b .  +  q  .  ,  b  . 

1  1  4]  +  l  -H 


(3.16) 


b  .  =  x  .  -  x .  , 

1  ]  ]-l 


For  elastic  action  at  the  typical  station  x^  ,  one  introduces  an  effective  stiffness 
factor  K_.  by  writing 


M.  =  K  0.  =  r-lM -  (Ui  - 

3  33  °j +  Vl  bj  bj+l 


( 3.17  ) 


j  b  .  +  b  . 

]  1+1 


where 


(3,18) 


-*o- 


For  The  sake  of  illustrat ion ,  let  us  tale  the  simpler  case  of  auriform 


beam  and  let 


m .  =  m 
1 


b.  =  b 
3 


Then  the  basic  equations  take  the  forms 


b  m  y.  =  P .  +  62  M . 

3  D  b  3 


(3.19) 


El  2 

M.  =  -  <5 y.  ,  M.  <  M 

3  h2  3  j  P 


(3.2C) 


where 


&  f.  -  f.  .  -  2f ,  +  f.  . 
3  3+1  3  3-1 


(3.21) 


Baron  et  al  propose  a  forward  integration  scheme  using  the  finite  difference  formula 


y.(t)  =  — *■  y .  (t  +  h)  -  2y  (t)  +  y.  (t  -  h) 
3  h  3  3  3 


(3.22) 


where  h  =  At  is  the  interval  of  the  time  steps.  This  corresponds  to  taking  6=0 
in  Newmark's  scheme,  and  hence  the  requirement  for  stability  is  h/T  <_  1/tt  =  0.318. 
Given  values  at  time  t,  displacement  at  time  t  +  h  can  be  found  from 


y .  (t  +  h)  =  2y.(t)  -  y .  (t  h)  +  P.(t)  +  i  62M.(t) 

3  3  J  bm  j  b  3 


(3.23) 


When  the  bending  moment  as  computed  from  equation  (3.20)  exceeds  the  plastic 
moment  H  ,  at  a  station  x,  ,  a  plastic  hinge  occurs  at  this  station.  Angular  rotations 

p  K 

at  constant  bending  moment  are  allowed  to  occur  across  a  plastic  hinge,  and  the 


■trniiliiJii 


..MU- 


deflections  are  no  longer  related  to  the  bending  moment  through  elastic  equations  such 
as  equations  (3.17)  and  (3.20).  If  there  is  a  plastic  hinge  rotation  ("kink")  at  a 

i 

station  x,  .  a  deflection  y.  can  be  associated  with  this  rotation.  This  deflection  can 
k  j 

be  written  as 

y.  =  b$,^.,  (3.2u) 

■'j  k  jk 


where 


6  4>..  =  -1  for  j  =  k 
3* 


6  Vj_.  ^  =  0  for  j  t  k 


(3.25) 


Thus  b^..  represents  the  deflection  curve  corresponding  to  a  kink  angle  unity  at  station 
3  * 

k.  If  hinges  at  several  stations  have  been  operative,  their  total  contribution  to  the 
deflection  can  be  written  as 


yj  -  rk  bVjk 


(3.26) 


The  total  deflection  at  any  instant  t  can  be  written  as 

€  1  e 

y.  =  y.+y.  =y.  +  I.  b<|>,ij»., 

3  1 3  3  3  k  k  3k 


(3.27) 


The  elastic  part  y^'  is  related  to  the  bending  moment  through  equation  (3.20)  (or  more 
generally,  equation  (3.17)),  so  that,  "sing  equation  (3.25), 


Hk(t)  62yk(t)  .  «  ^(t) 

D 


(3.28) 


Let  us  write 


4>k(  t  +  h)  =  $k(t)  +  d$k(t) 


(3.28) 
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Then 


Mk<t  t  h)  =  Mk(t  +  h)  -  ~  A«k(t) 


(3.30) 


where 


M*(t  +  h)  =  -  Si  62yk(t  +  h)  -  -1-  0K(t) 
b 


(3.31) 


Suppose  all  values  at  time  t  a r»  known;  i.e.  y^t),  4>k<t),  H.(t)  are  known  for  all 

j.  To  determine  values  at  t  +  h,  assume  (at  each  plastic  hinge  station  xk )  that 

A<p  (t)  =  0.  All  displacements  y.(t  +  h)  can  then  be  calculated  from  equation  (3.23) 

or  its  equivalent  for  more  general  cases ,  and  the  corresponding  bending  moments 

Mk  (t  +  h)  are  given  by  equation  (3.31).  Suppose  at  x_.  =  xk  that  Mk  (t  +  h)  <_ 

this  is  then  the  correct  moment  at  xk>  and  A^(t)  =  0.  However,  suppose  it  is  found 

that  Me  (t  +  h)  >  M  .  We  then  set  M,  (t  +  h)  =  M  and  compute  Acf>  ( t )  from  the  equation 
k  p  k  p 


ii  A<p.  (t)  =  Mf  (t  +  h)  -  M 


(3.3?) 


Then  we  can  compute 


and 


$k  (t  +  h)  =  $k(t)  +  A4>k(t) 


y.  (t  +  h)  =  y.  (t  +  h)  +  L  b<£  (t  +  hH. 
i  3  k  K  1  k 


(3.33) 


(3.34) 


where  the  deflections  y.  are  those  obtained  by  assuming  that  the  hinge  rotations  are 
all  zero  in  the  interval  from  t  to  t  +  h. 

The  procedure  is  outlined  above  for  "positive"  hinge  rotatior  increments,  as 


in  Fig.  II  6(e).  It  clearly  applies  with  obvious  sign  changes  if  hinge  rotation 
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incremcnts  are  negative.  In  any  case,  A$,(t)  =  0  if  | M f* ( t  +  h)|  <  M  .  There  is  no 

k  k  —  p 

difficulty  about  programming  the  method  for  on  electronic  computer  so  that  any  number 
of  hinge  rotations,  of  any  signs,  can  be  accounted  for.  However,  there  has  apparently 
been  no  attempt  to  adapt  the  method  to  more  complicated  situtat ions ,  such  as,  for 
example,  to  ]  roblems  where  geometry  changes,  axial  constraints,  strain  hardening  or 
strain  rate  influences  on  the  yield  stress  must  be  considered.  An  example  of  the 
application  of  this  method  will  be  given  later  for  comparison  with  a  much  simpler 
approach. 


4 '  Rigid-Plastic  Analyses 

The  difficulty  of  obtaining  a  complete  elastic-plastic  solution,  by  either 
analytic  or  numerical  means,  has  forced  consideration  of  simplifications  in  the  govern¬ 
ing  equations.  In  plasticity  theory  the  neglect  of  elastic  strains  by  comparison  with 
plastic  ones  leads  to  a  great  simplification  in  the  analysis,  and  this  is  a  natural 
and  permissible  assumption  when  the  typical  plastic  strains  are  very  much  larger  man 
the  largest  elastic  strains.  This  assumption,  namely  tnat  strain  rates  are  zero  except 
at  points  where  the  plastic  yield  condition  is  satisfied,  has  been  made  in  solving 
many  problems  of  static  plasticity.  Its  use  in  problems  of  dynamic  plasticity  seems 
to  have  begun  during  World  War  II.  G.  I.  Taylor  (1948)  discussed  the  interpretation 
of  dynamic  compression  tests  in  which  a  projectile  is  fired  into  a  rigid  plate  by 
means  of  a  rigid-plastic  analysis,  (Lee  and  Tupper  (1954)),  The  use  of  the  concept 
of  rigid-plastic  behavior  in  beam  dynamics  was  suggested  by  E.  N.  Fox  (1947).  Conroy 
(1952)  studied  in  more  detail  the  application  of  the  concept  to  beam  problems  by 
investigating  the  infinite-beam  problem  studied  by  Rohnenblust^  Rigid-plastic 
behavior  must  be  regarded  as  the  limiting  case  of  elastic-plastic  behavior  as  tne 
Young's  modulus  E  approaches  infinity.  Conroy  showed  that  for  an  ideally  plastic 
material  the  rigid-plastic  solution  of  Bohnenblust ' s  problem  could  be  easily  written 

^Gee  Duwez,  Clark,  and  bohnenblust  (1950) 
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in  simple  closed  form.  Tor  tin  same  material  the  clast ic -pi ast ic  solution  was  solved 
for  a  succession  of  values  of  *'Ll/m  where  Ll  is  the  flexural  rigidity,  m  is  mass  per- 
unit  length  ranging  from  167  to  lcfc ,  and  the  results  showed  a  satisfactory  approach 
to  those  of  the  rigid-plastic  solution,  Ll/m  =  cd  ,  Conroy  attempted  also  to  find  the 
rigid-plastic  solution  for  a  linearly  strain  hardening  material,  but  was  unaLle  to 
complete  the  solution  and  hence  could  not  make  the  limiting  comparison  as  for  the 
ideally  plastic  case. 

A  discussion  of  the  general  characterist ics  of  rigid-plastic  solutions  of 
problems  of  finite  beams  was  first  given  by  Lee  and  Symonds  (1152;.  They  showed  that, 
depending  on  load  magnitudes,  plastic  hinges  and  finite  plastic  regions  can  be  expected 
to  appear,  and  in  general  the  plastic  hinges  and  the  boundaries  of  the  finite  plastic 
zones  will  move  during  the  course  of  the  deformation.  Moving  plastic  hinges  and 
interfaces  between  plastic  and  rigid  regions  in  general  involve  discontinuities  in 
the  angular  velocity  and  in  the  transverse  acceleration. 

The  simplest  type  of  rigid-piastre  analysis  is  that  in  which  perfectly  plastic 
behavior  is  assumed  (strain-hardening  is  neglected).  A  large  variety  of  problems 
has  been  solved  on  this  basis.  These  solutions  are  extremely  simple  by  comparison  witn 
elastic-plastic  solutions.  The  question  that  immediately  arises  is  that  of  the  physical 
validity  of  the  results.  In  the  following  discussion  of  rigid-plastic  solutions  the 
main  emphasis  will  be  put  on  indications  from  theory  and  experiment  concerning  the 
ranges  of  validity  of  this  type  of  analysis.  It  will  be  shown  that  while  the  ideally 
rigid-plastic  analysis  does  provide  a  simple  starting  point,  the  conditions  in  which 
it  is  permissible  to  neglect  elastic  strains  are  often  conditions  .in  which  other 
secondary  effects  become  seriously  influential.  The  most  important  of  these  secondary 
effects,  according  to  indications  of  experimental  investigations,  are  (1)  increase  of 
yield  stress  at  high  strain  rates,  and  (2)  change  of  mode  of  behavior  caused  by  finite 


rs 


ff 
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deflections  in  the  presence  of  constraints. 

The  great  merit  of  rigid-plastic  analysis  is  that  the  inclusion  of  secondary 
effects  remains  feasible  in  a  solution  of  analytic  type,  without  requiring  a  completely 
numerical  scheme  of  integration.  Apart  from  strain  rate  and  geometry  change  effects  many 
other  secondary  influences,  such  as  strain  hardening,  shear  deformation,  and  rotary  inertia 
can  be  included  in  a  rigid-plastic  analysis.  Any  of  these  could  be  included  in  an  elastic- 
plastic  solution  also,  of  course,  but  only  in  a  numerical  integration  process  which  itself 
is  by  no  means  straightforward. 

One -Degree -of -freedom  Systems 

The  following  discussion  will  consider  by  means  of  simple  examples  the  criteria 
for  the  neglect  of  elastic  strains,  and  for  the  inclusion  of  the  major  secondary  effects. 

Some  basic  information  about  the  relation  of  rigid-plastic  to  elastic-plastic 
solutions  can  be  gained  from  a  study  of  the  simplest  structural  model,  namely  a  simple 
spring -mass  system. 

With  the  notation  indicated  in  Tig.  II  7,  the  motion  of  the  mass  is  governed 
by  the  following  equation  and  initial  conditions: 


mx  =  P  -  Q(x) 

(4.1) 

x(0)  =  x(0)  =  0 

(4.2) 

We  shall  consider  motion  due  to  a  rectangular  pulse  of  force  as  it.  Tig.  II  3  with 
magnitude  and  duration  t. 

Suppose  first  that  the  spring  characteristic  Q(x)  is  that  of  elastic-perfectly 
plastic  behavior,  so  that,  as  indicated  in  Fig,  II  9,  curve  a,  there  is  an  elastic 
spring  constant  k,  a  yield  force  Qy,  and  a  yield  deflection  x  .  The  solution  for  the 
initial  elastic  motion  involves  the  radian  frequency  u>  =  yf  ~  ?n/T  of  the  mass-spring 


system,  and  is 


X  =  (  1  -  COS  U)t  )  , 

k 


(4,3)  * 


This  holds  while  the  motion  is  elastic,  i.e.  for  x  <_  x^,  Q  <_  Q^.  If  x(t^)  =  x^  and  we 

assume  that  t  <_  t ,  the  solution  is  readily  found  in  stages,  putting  the  right  hand 

side  of  equation  (4,1)  first  equal  to  -  Qy>  for  t^  <_  t  <  x,  and  then  equal  to  -  Qy 

for  t  <  t .  The  maximum  displacement  xft  is  then  found  by  setting  x(t^)  =  solving  for 

t  and  evaluating  x(t  )  -  x  .  The  final  plastic  deformation  is  x  -  x  -  x  .  This 
m  &  m  m  r  P  m  y 

result  will  apply  to  the  case  when  t  <_  t ,  i.e.  when  the  load  Pq  is  large  enough  so 
that  the  yield  condition  is  reached  during  the  duration  of  the  pulse.  Alternatively, 
if  the  load  is  small  enough  so  the  yield  condition  is  satisfied  at  t  >  t,  the  maximum 
displacement  can  be  found  in  a  similar  manner.  The  results  are  conveniently  expressed 
in  terms  of  the  following  dimensionless  variables  of  the  system; 

p 

-  _2.  -  l°ad  magnitude 
^  "  Q  *  yield  force 

y 

t  _  .  pulse  duration  time _ . 

*  -  wt  -  fly  n  natural  period  of  system 

In  terms  of  the  above  quantities,  the  results  are  as  follows; 

(1)  If  p  <  plastic  deformation  takes  place,  regardless  of  the  value  of 


(2)  If  C  <  it,  and  - - -  <  p  <  - — - :  plastic  flow  begins  after  the 

/2(1  -  cos  71  ■  -  1  -  c  ,S  C  - 

duration  of  the  loa J  pulse,  t  >_  t,  and  the  final  plastic  deformation  is  given  by 


"p  2,,  ,1 

j*-  =  V  (1  -  cos  C)  -  j 

y 


(4.4) 


( 3 )  If  ;  <  it  and  <p;orifc>n,y<u< 


then  plastic  flow 
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begins  during  the  load  pulse,  t  <_  t ,  and  the  final  plastic  deformation  is  given  by 


x 

_£ 

X 

y 


u  -  +  u  /2p  -  l  (;  -  i)  +  ~  v‘(u  -  i)(;  -  <f>)' 


(*♦.5) 


where 


cos  <p  =  1  .  ~ 


♦  <  C 


and 


A 

-  tot  =  /-  t 

y  /my 


(4.6) 


The  relations  between  t^,  t  and  u,  for  t  <_  t,  are  illustrated  by  Fig.  II  10. 

Iffil  -  cos  c)  -  1,  then  t  =  t;  i.e.  the  time  when  the  yield  force  is  first 
reached  coincides  with  the  end  of  the  load  pulse,  and  the  quantity  x^/x  is  u  -  1/2. 

To  obtain  the  rigid-plastic  solution  of  the  problem,  we  use  the  force  displace¬ 
ment  characteristic  b  of  Fig.  II  9 ,  and  thus  assume  that  no  deformation  occurs  if 
pc  1  Qy*  pc  *  Qy»  t^e  plastic  deformation  is  easily  found  by  integrating  the  equations 


mx  =  P  -  Q 
o  y 


0  <  t  <  T 


(4.7) 


mx 


T  <  t 


(4.8) 


The  maximum  plastic  deformation  occurs  at  time  t  when  x(t  ) 

m  m 

i 

x  =  x(t  ). 
p  m 

The  result  in  appropriate  dimensionless  form  is 


=  0,  and  its  magnitude  is 


mx 


V 


£  =  -  ufu  -  l  i 
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We  now  compare  the  rigid-plastic  solution  equation  (4.9)  with  the  elastic- 
plastic  one  equation  (4.4).  We  note  that 
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He  define  the  relative  error  as 


e  - 


(4.10) 


(4,11) 


where 


x^  =  plastic  deformation  of  elast ic-plastic  analysis 

t 

x  =  plastic  deformation  of  rigid-plastic  analysis 
He  are  interested  in  how  the  relative  error  e  depends  on  the  structural  parameters 
p  =  ratio  of  applied  load  to  yield  load,  and  t/T  =  ratio  of  load  pulse  duration  time 
to  natural  period  of  the  system.  In  addition  to  these,  an  alternative  parameter  express¬ 
ing  the  severity  of  loading  is  the  energy  ratio  R, 


work  done  in  plastic  deformation 
maximum  elastic  strain  energy 


Q  x 
JLL. 

1 Q  x 

,  y  y 


(4.1?) 


The  significance  of  the  parameter  K  will  L>e  discussed  later. 

In  Figs.  II  11  and  II  1?  are  shown  curves  of  the  deflections  according  to 
elastic-plastic  and  rigid-plastic  theory,  and  of  the  relative  error  c  plotted  as 

I  t 

functions  of  p  and  R  .  The  quantity  R  is  evaluated  from  the  result  for  the  plastic 
» 

deformation  x  as  given  by  the  rigid-plastic  theory 

i  i 


Q  x 

=  Jt  P. 

IQ  x 

?  y  y 


?  ^  =  M(P 

y 


i) 


(4.13) 


where  —  Q  x  is  the  maximum 
2  y  y 


energy  that  can  be  stored  elastically  in  the  spring-mass 


system . 
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Thc  results  for  impulsive  loading  are  included  in  the  Figures  II  11 


showing  comparisons.  By  definition  an  impulsive  load  is  one  with  P(t)  and  t  such  that 


i  0, 


T 

P(t  )dt  ■+  I 
o 


(4.14) 


The  impulse  I  imparts  a  velocity  vq  to  the  mass,  which  then  moves  subject  to  the  initial 
conditions  and  equation  of  motion 


x(0)  =  0 


x(0) 


(4.15) 


mx  =  -Q(x) 


The  plastic  deformations  are  given  by: 
(A )  Elastic-Plastic 


2 


m  v 


(4.16) 


(B)  Rigid-plastic 


(4.1?) 


These  results  are  obtained 
the  plastic  work  QyXp  plus 
For  the  impulsive 


.  .  .  .  1  2 
readily  by  equating  the  imti  il  kinetic  energy  j  m  vc  to 

(in  the  elastic-plastic  case)  the  stored  energy  ~  x^Q^. 

load  case,  the  relative  error  of  the  rigid-plastic  solution 


is 
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-1 


m  v 


x  Q 

y  y 


(4.18) 
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12  1  .  • 

where  R  is  the  appropriate  energy  ratio  'j  m  vc  Aj’  Xy^y’  Note  that  in  this  case  the 
error  is  always  negative  for  R  >  1,  whereas  for  finite  t/T  the  error  may  either  be 
positive  for  all  R  in  the  range  of  significance,  or  may  be  positive  in  one  part  of 
the  useful  range  of  R  and  negative  in  the  other  part. 

The  results  shown  in  the  curves  of  Figs.  II  11  -  II  13  are  of  less  interest 
for  their  numerical  magnitude  than  for  the  general  indications  they  give  concerning  the 
validity  of  rigid-plastic  solutions.  The  curves  show  that  the  rigid-plastic  analysis 
predicts  a  plastic  deformation  which  approaches  that  of  the  elastic-plastic  solution 
as  the  energy  ratio  R  becomes  very  large.  However,  while  the  condition 


R  >  >  1 


(4.19) 


is  necessary,  it  is  not  sufficient.  The  duration  time  of  the  pulse,  in  relation  to 
the  natural  period  of  elastic  vibration  of  the  system,  is  also  very  important. 

The  criterion  R  >  >  1  was  proposed  by  Lee  and  Symonds  (1952)  as  a  possible 
means  of  estimating  the  validity  of  rigid-plastic  solutions.  In  static  problems  one 
expects  a  rigid-plastic  solution  to  be  a  good  approximation  if  the  plastic  strains  greatly 
exceed  the  largest  elastic  strains.  Other  than  this,  no  general  rules  can  be  given 
for  the  acceptability  of  such  a  solution.  The  concept  of  the  energy  ratio  R  is 
particularly  convenient  in  problems  of  plastic  deformation  of  beams  because  in  both 
static  and  dynamic  problems  the  concept  of  plastic  hinges  is  of  enormous  advantage. 

This  concept  implies  perfectly  plastic  behavior,  and  the  plastic  hinge  is  conceived  as 
permitting  finite  rotations  across  a  plastic  zone  of  negligible  length.  In  fact,  of 
course,  the  plastic  zone  is  of  finite  length  and  the  strains  are  finite.  Estimates  of 
strain  magnitudes  in  plastic  fcones  can  be  made,  but  the  basic  theory  of  plastic  beam 
behavior  is  convenient  precisely  because  it  deals  with  hinge  rotations  and  avoids 
direct  consideration  of  strains.  Plastic  work  done  at  hinges  (stationary  or  moving) 
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is  easily  computed  in  dynamic  problems,  and  hence  the  energy  ratio  R  of  the  total 


plastic  work  to  the  maximum  possible  elastic  strain  energy  is  readily  computed. 


The  comparison  of  solutions  of  the  simple  one-degree-of-freedom  mass-spring 
system  shows  that  the  criterion  R  >  >  1  serves  best  as  a  glide  to  the  validity  of 
rigia-plastic  analysis  for  cases  of  short  duration,  high  intensity  loading.  For  these 
cases  the  error  in  using  the  rigid-plastic  method  will  be  less  than,  say,  ten  percent 
if  R  is  greater  than  approximately  ten,  and  the  plastic  deformation  will  be  of  the 
order  of  five  times  the  yield  deflection.  For  long  pulses,  for  example  with  t/T  *  1, 
in  order  to  have  agreement  to  within  ten  percent  the  R  value  must  be  at  least  100. 
This  implies  plastic  deflection  such  that  x^/x^  about  50  or  greater.  However,  when 
the  ratio  x^/x^  interpreted  for  a  beam  (or  other  structure)  as  the  maximum  plastic 
deflection  divided  by  the  deflection  at  the  point  of  plastic  collapse  when  the  giver, 
type  of  load  is  applied  statically,  it  becomes  evident  that  very  large  values  of 


xp^Xy  predicted  by  a  i igid-plastic  analysis  will  generally  fail  to  have  physical 
significance.  This  is  because  of  the  appearance  at  large  deflections  of  new  physical 
phenomena  not  described  in  the  original  equations  of  motion  used  in  solving  the  rigid- 
plastic  problem.  Such  phenomena  may  become  important  as  catenary  forces,  if  the  ends 
are  constrained  against  axial  motion ^  strain  hardening^  or  increases  of  yield  stress 
with  strain  rate. 

To  illustrate,  consider  a  simply  supported  beam  with  uniformly  distributee 
load  P,  Fig.  II  14.  For  simplicity,  suppose  this  deforms  as  in  Fig.  II  15  with  a 
plastic  hinge  at  mid-point,  final  plastic  deflection  6^  and  rotation  angle  0^  at  the 
support.  The  energy  ratio  is  given  by 


R  = 


2M  6, 
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1  M  2r 

2  MP  L 
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(4.20) 
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if  we  take  6  *  LQ,/2.  In  the  elastic  range  6  -  5M  L'  /48  El,  where  M  =  PL/8  is  the 

pi  m  in 

_  •  a  . _ -  a*^  the  elastic  collansc  load 
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is  reached,  this  is  for  the  supported  beam,  apui  cximately 
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(4.21) 


(4.22) 


Thus  for  the  beam,  as  for  the  simple  oscillator,  R  =  0(6p/6  ).  Now  the  order  of  magnitude  ( 
of  6  /h  where  h  is  the  beam  depth,  can  be  found  from  equation  (4.21);  for  example,  let 

y  i 

o  /E  =  1.5  x  10'°,  L/h  =  20.  Then  i 

y  ; 


h  -  24  E 


0  . 2 
k_ 


1 
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Hence  if  6^/6^  =  50>  say,  t,ieri  4p/'h  =  5°/8  2  But  at  a  deflection  six  times  the  beam 
depth,  a  beam  with  constraints  against  axial  motions  would  long  since  have  ceased  to 
behave  like  a  beam;  in  fact,  as  soon  as  the  deflection  exceeds  the  beam  depth,  motion 
would  be  almost  completely  governed  by  catenary  rather  than  beam  action.  Hence  a 
prediction  of  6  / 6  =  50  on  the  basis  of  simple  beam  action  would  lack  physical  meaning, 

p  y 

and  an  analysis  for  a  long  force  pulse  by  rigid-plastic  methods  would  be  useless, 
unless  it  took  axial  forces  into  account . 

Apart  from  questions  of  additional  physical  effects  not  considered  in  an 
elastic-ideally  plastic  analysis,  the  question  of  differences  between  the  behavior  of 
a  system  having  a  single  degree  of  freedom  and  a  multi-degree-of-freedom  system  is 
fundamental  to  a  study  of  the  prospective  validity  of  a  rigid-plastic  analysis.  One 
may  accept,  as  reasonable  on  physical  grounds,  the  postulate  that  when  far  more  energy 
is  fed  into  any  system  than  can  be  stored  as  elastic  strain  energy,  the  resulting  plastic 
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deformations  can  be  computed  to  a  good  approximation  without  regard  lor  strains  ot  elastic 
magnitude.  The  question  is  whether  the  complex  interactions  between  elastic  and  plastic 
deformations  that  may  occur  in  a  multi-degree-of-freedom  system  are  likely  to  cause  the 
approximation  to  be  substantially  worse,  for  a  given  energy  ratio  and  ratio  of  force 
duration  to  fundamental  period,  than  for  a  system  with  a  single  degree  of  freedom. 

It  should  be  possible  to  answer  this  question  adequately  for  practical  purposes 
by  carrying  out  complete  elastic-plastic  solutions  (by  numerical  methods,  presumably) 
for  a  variety  of  structures  and  comparing  results  with  those  of  rigid-plastic  solutions. 
Here  we  are  concerned  primarily  with  behavior  of  beams  as  one-dimensional  continuous 
structures.  No  calculations  of  elastic-plastic  solutions  for  beams  have  been  made  with 
sufficient  completeness  to  permit  general  deductions  to  be  made  about  the  effects  of 
elastic-plastic  interactions.  The  few  examples  for  which  calculations  are  available 
seem  to  indicate  that  no  large  differences  occur  between  the  closeness  of  approximation 
obtained  for  multi-  and  single-degree  of  freedom  systems.  Three  examples  of  multi -degree 
of  freedom  systems  will  be  briefly  cited. 

Multi-degree  of  Freedom  Systems: 

(A)  SyaCcm  consisting  of  two  equal  masses  and  two  similar  springs  (Tig.  II 
16(a)  and  (b).  This  is  the  simplest  system  of  more  than  one  degree  of  freedom,  but  the 
plastic  deformations  caused  by  an  impulsive  load  applied  to  the  outer  mass  are  much 
more  complicated  when  the  two  springs  have  elastic-ideally  plastic  characteristics  than 
for  the  single  mass-single  spring  system,  (Fig.  II,  16(c).  As  indicated  in  Fig.  II  17, 
as  the  energy  ratio  R  increases  from  zero, plastic  deformation  in  the  inner  spring 
first  exceeds  that  in  the  outer  spring,  while  for  R  >  4  the  situation  is  reversed. 

Fig.  II  18  shows  times  at  which  the  two  springs  start  to  yield  and  cease  plastic  flow, 
as  functions  of  R.  Nevertheless,  the  total  plastic  deformation  differs  from  that 


*»r*9P?9 


! 


predicted  by  a  rigid-plastic  analysis  by  only  about  10  percent  of  the  total  deformation. 


i  i 


when  R  =  5.  As  indicated  in  Fig  II  17,  the  difference  between  the  two  results  is  very 
nearly  constant,  so  that  the  relative  error  of  the  rigid-plastic  solution  steadily 
decreases  and  is  less  than  3  per  cent  at  R  =  18.  But  the  rigid-plastic  analysis  predicts 
the  plastic  deformation  in  the  inner  spring  to  be  zero  (the  inner  mass  is  acted  on  by 


opposing  forces  on  each  side).  Hence  although  the  total  plastic  deformation  is 
predicted  with  big!  accuracy  by  the  rigid-plastic  solution,  this  analysis  is  incapable 


of  accurately  dete;  lining  plastic  deformations  in  the  individual  springs;  even  the 
prediction  for  the  plastic  deformation  in  the  outer  spring  is  20  percent  in  error  at 


R  =  18. 


(B)  Simply  supported  beam  with  uniformly  distributed  load  P(t)  having 


exponentially  decreasing  time  dependence 


P(t)  =  P  e 
o 


(4.23) 


The  elastic-plastic  solution  for  the  case  t  =  1/2  T^,  where  is  the  fundamental 
period  of  vibration  of  the  beam,  was  given  by  Baron,  Bleich,  and  Weidlinger  (1961  )  as  an 
illustration  of  their  finite  difference  method.  The  rigid-plastic  solution  was  given 
for  general  "blast  type"  loading  by  Symonds  (1954);  the  particular  case  of  exponential 
loading  (equation  4.23),  including  consideration  of  shearing  as  well  as  bending  deforma¬ 
tions  was  treated  by  Salvador!  and  Weidlinger  (1957).  Baron,  Bleich,  and  Weidlinger 
give  results  of  calculations  for  initial  load  magnitues  Pq  up  to  five  times  the  static 

collapse  load  P  =  8M  /L.  Formulas  for  the  energy  ratio  R,  and  deflection  6  at 
c  p  y 

collapse  have  already  been  given,  in  equations  (4.20),  (u,21).  Values  of  R  shown 
in  Fig.  IJ  19  were  computed  from  the  central  hinge  angle  6^  given  in  the  numerical 
results  presented  by  Baron,  Bleich,  and  Weidlinger, 
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since  their  calculations  take  6y/L  2  .0027. 

The  curve  marked  '"Simplified  Elastic-Plastic"  was  derived  by  Baron,  Bleich, 
and  Weidlinger  by  using  the  fundamental  mode  of  elastic  vibrations  during  the  elastic 
phase  of  motion,  and  following  this  by  a  single  hinge  rigid-plastic  solution  with 
initial  velocity  chosen  so  that  momentum  conditions  are  matched.  This  approach  is  a 
sound  one  only  for  problems  in  which  a  single  mode  predominates ;  it  works  well  in  the 
present  problem,  for  example,  but  not  in  the  previous  example  (A). 

(C)  Cantilever  whose  base  is  subjected  to  specified  motion  (Fig.  1120), 
namely  with  displacement  and  velocity  as  follows: 


y(x,t)  =  yt(x,t)  =  0, 

vt2 

y(0>t)  =  -TtT 

yt(0*t)  =Vo!o 

y(o,t)  =  v^t  -  f) 

yt<°,t)  =  vo 


I 

/ 


t<0,  0  <_  x  <  L 


0  <  t  <  t 
—  —  o 


t  >  t 
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This  is  a  problem  of  impact  which  has  been  used  in  experiments,  (In  general  it  is 
easier  to  impose  and  measure  motions  of  a  specimtn  than  it  is  to  apply  forces  of  known 
distribution  and  time  history;  hence  problems  of  this  type  are  advantageous  for 
laboratory  tests ) . 

The  elastic-plastic  analysis  of  thi:  problem  was  carried  out  numerically  by 
Alverson  (1958),  who  made  use  of  the  fact  that  the  system  of  elastic  beam  equations 
(due  to  Timoshenko)  which  take  account  of  shearing  deformations  and  rotary  inertia  is 
a  totally  hyperbolic  system.  Motions  of  the  beam  were  therefore  determined  by  finite 
difference  techniques  based  upon  the  network  of  characteristics  of  this  hyperbolic 
system;  the  characteristics  are  four  families  of  straight  lines  with  slopes  dx/dt 


i 


proportional  to  ic^  and  1 «  where  =  /E/ p  and  =  / kG/p  are  speeds  of  uniaxial 
tension  and  simple  shear  waves,  respectively,  in  a  bar. 

Alverson  carried  out  complete  calculations  for  several  cases,  of  which  one 
was  chosen  to  have  non-dimensional  parameters  corresponding  to  ranges  used  in  experiments 
conducted  at  Erown  University.  Two  such  parameters  specify  the  impact  characteristics, 
namely  the  energy  ratio  R  and  a  parameter  6  proportional  to  the  base  acceleration 
during  the  impact.  Numerical  values  used  were 

R  =  =8.33 

Ml 


8  •  ^ . 250 

Vo 


>-/ 

1  /  3 


=  0.0065 


ir"  25 


/  ■ 


Alverson 's  results  for  the  above  case  showed  a  remarkably  complex  pattern  of 
elastic  and  plastic  deformations.  The  main  plastic  deformation  is  the  angle  of  rotation 
0^  at  the  base.  However,  the  numerical  analysis  showed  that  this  not  only  took  place  in 
an  intermittent  manner,  but  was  part  of  a  region  of  plastic  deformation  at  the  base  whose 
size  varied  in  a  highly  irregular  way;  even  the  sign  of  the  rate  of  plastic  deformation 
was  found  to  reverse  at  certain  localities  near  the  base.  In  addition  to  the  main 
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plastic  defoliation  near  the  base,  there  was  a  secondary  region  of  plastic  flow  of 
opposite  sign  in  the  interior  of  the  beam.  This  again  was  of  an  intermittent  nature, 
and  the  boundaries  of  the  plastic  region  moved  backward  and  forward  irregularly.  Some 
idea  of  the  complexity  of  the.  plastic  deformation  is  given  by  fig.  II,  21(a),  (b),  (c), 
where  the  times  and  signs  of  plastic  flow  are  shown  for  various  stations  along  the  beam 
length . 

Fig,  Il20(a)shows  the  plastic  angle  at  the  base  as  a  function  of  the  parameter 

2 

6  ~  mL  V/M  t .  (This  solution  was  obtained  by  D.  S.  Green  (1954),  while  the  limiting 
case  t  ■*  0  was  treated  by  Symonds  and  Leth  (1954).  At  6  =  250,  the  rigid-plastic 
solution  predicts  a  non-dimensional  plastic  deformation  of  about  0.39,  whereas 
Alvarson’s  elastic-plastic  result  is  about  0.30,  corresponding  to  a  relative  error  of 
about  30  per  cent.  The  ratio  t/T  should  have  essentially  the  same  significance  as 
in  a  problem  of  loading  by  a  force  pulse.  In  Alverson's  example  r/T  =  .007,  so  that 
the  requirement  that  the  time  ratio  be  small  is  apparently  satisfied.  The  agreement 
of  the  plastic-rigid  solution  with  the  complete  elastic-plastic  one  in  the  case  is 
worse  than  in  the  examples  (A)  and  (B),  and  this  seems  attributable  to  a  more  complex 
interaction  between  elastic  and  plastic  deformations. 

5 .  Plastic  Moment  Interactions 

It  is  never  strictly  correct  to  ignore  stresses  in  a  beam  other  than  bending 
stresses.  One  must  consider  interactions  of  bending  moments  especially  with  axial 
forces  and  shear  forces.  (In  a  general  one-dimensional  structure,  we  would  also  have 
to  consider  torsion,  and  bending  moments  and  shear  forces  in  two  principal  planes). 

But  in  beam$  with  loads  in  a  principal  plane,  stress  resultants  are  M  and  Q  (shear  force) 
plus  N  (axial  force)  if  deflections  are  not  infinitesimal.  Also,  in  an  arch  or  ring 
N  would  appear  from  the  start  (even  for  infinitesimal  deflections)  as  well  as  M  and  Q. 

Two  questions:  (1)  when  do  Q  and/or  N  have  negligible  effect  on  plastic 
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moment;  and  (2)  when  Q  and/or  N  are  not  negligible,  how  can  they  he  taken  into  account? 

The  important  quantities  governing  shear  and  axial  force  are  a  shear  force 

Qp  and  an  axial  force  N^,  which  represent,  respectively,  the  limiting  magnitudes  of 

shear  and  axial  force  in  a  perfectly  plastic  medium,  in  loading  ’>y  "pure  shear"  or  by 

simple  axial  force.  In  a  beam  problem,  the  ratio  of  the  actual  shear  force  Q  to  Q^, 

and  of  the  actual  axial  force  N  to  N  are  related  to  the  ratio  M/M  ,  when  plastic 

P  P 

deformation  is  occurring,  by  an  effective  yield  condition.  In  other  words,  plastic 
deformation  in  a  beam  is  governed  by  an  interaction  between  M/M^,  Q/Qp»  and  N/N^.  This 
interaction  is  always  present  in  practice  in  beams.  There  are  indications  fron.  the 
few  problems  that  have  been  treated  (mostly  analytically,  not  experimentally)  that  the 
interaction  is  more  serious  in  the  case  of  dynamic  loads  than  for  static  loads. 

We  may  write  in  general 
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where  A  is  the  total  section  area,  A^  is  the  web  area,  and  h  is  the  section  deptn. 

There  is  a  true  "interaction  relation"  in  sense  of  yield  condition  relating 
M  and  N  at  any  point  (cross-section)  of  a  beam,  irrespective  of  general  loading,  support, 
etc.  But  no  such  interaction  relation  in  this  sense  exists  for  M  and  Q;  we  cannot 
consider  just  one  cross-section  of  a  beam,  but  must  consider  the  whole  beam;  loading 
and  support  conditions.  Published  "M-Q  interaction"  curves  all  refer  to  a  particular 
problem,  in  most  cases  that  of  a  cantilever  beam.  (Some  published  M-Q  curves  supposed  to 
give  lower  bounds  on  actual  M,  Q  are  wrong,  since  not  all  conditions  for  a  lower  bound  are 
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satisfied  :  examples  are  given  by  Neal  i^Bla). 

For  brevity  call  "local"  the  interaction  curve  which  is  derived  by  considering 
a  single  typical  cross-section  of  a  beam.  As  stated,  a  local  interaction  curve  relating 
M,  N  can  exist  (correct),  but  no  such  curve  relating  M,  Q  can  be  strictly  correct. 
Despite  this,  one  may  derive  an  il-Q  curve,  say  for  a  cantilever  statically  loaded  Dy  an 
end  force,  and  use  it  for  estimates  for  other  sta Vic  cases  and  for  dynamic  cases. 

This  is  the  procedure  that  has  been  followed, 

(.'. )  Moment-Shear  Interaction 

Obviously  any  results  about  importance  of  shear  forces  and  shear  deformations 
in  plastic  deformations  due  to  dynamic  loads,  obtained  by  using  an  interaction  formula, 
are  highly  approximate,  hence,  we  should  not  worry  too  much  about  the  exact  form  of 
the  interaction  curve.  The  best  proposed  curves  are  those  of  Drucker  (1956)  for 
rectangular  sections  and  Neal  (1961a)  for  1-sections,  both  for  the  cantilever  with  end 
force,  Drucker  suggested  the  relation 


(5.1) 


as  a  good  approximation  for  a  rectangular  section;  this  interaction  curve  is  shown  in 
Fig.  II  22(a).  Since  M  =  QL,  where  L  is  the  length  of  the  cantilever,  and  M^/Q^  = 
h/2  where  h  is  the  beam  depth,  particular  beams  are  indicated  by  straight  lines 


M_  -  2L  Q_ 

M  "  h  Q 
P  P 

The  lines  drawn  for  the  two  cases  L/h  =  1  and  L/h  =  2  in  Fig.  II  22(a)  show  that  M 
falls  below  by  less  than  two  or  three  per  cent  if  L/h  >_  2.  This  means  that  the 
shear  effect  is  entirely  negligible  for  a  rectangular  beam  in  static  loading,  since 


a  requirement  that  L/h  <  2  makes  any  treatment  as  a  beam  virtually  meaningless.  How- 


-63- 


cver,  such  a  conclusion  docs  not  necessarily  apply  to  dynamic  loading. 

Tor  1  or  box-section  beams  shear  effects  are  larger.  Neal  (1961a)  obtained  good 

lower  bounds  (again  considering  th<  cantilever  under  a  static  tip  loading),  his  curve 

being,  shown  in  Figs.  II  22(b)  and  11  22(c)  ,  together  with  appropriate  straight  lines 

for  particular  beam  ratios  L/h^.  Here  the  length  was  taken  as  h-t ,  where  t  is  the 

flange  thickness;  and  is  the  capacity  load  of  the  web  area  in  pure  shear.  (In  view 

of  the  approximations  involved  in  using  the  results,  obviously  h^  may  as  well  be 

taken  as  the  beam  depth  h.)  Neal's  results  show  that  an  I  section  or  box  beam  has  very 

little  strength  in  bending  when  it  carries  a  shear  force  greater  than  the  shear  capacity 

of  the  web,  with  a  very  abrupt  drop  in  moment  capacity  at  this  value  of  shear.  In  the 

static  problem  shear  effects  are  negligible  for  L/h  greater  than  about  4;  again  this 

does  not  necessarily  imply  the  same  conclusion  for  dynamic  problems.  The  conclusion 

that  the  shear  capacity  of  an  I  section  is  essentially  the  shear  capacity  of  the 
o 

web  (Q^  2  )  was  demonstrated  experimentally  by  Hall  and  Newmark  (1955). 

In  view  of  the  uncertainties,  the  simplest  form  of  interaction  curve  is 

likely  to  be  adequate,  and  this  is  a  simple  square  diagram  as  shown  in  Tig.  II  22(d). 

Here  the  coordinates  are  M/M  and  Q/Q  where  M  and  0  are  strengths  in  pure  bending 

P  P  P  P 

and  pure  shear,  respectively;  Q  is  the  yield  stress  in  shear  o  /2  times  the  effective 

P  v 

cross-section  area,  which  can  be  taken  as  the  total  area  for  a  rectangle  and  the  web 
area  for  an  I  beam.  Deformations  can  be  assumed  to  be  governed  by  the  condition  of 
normality  to  the  yield  curve,  as  indicated  by  the  arrows  representing  the  strain  rate 
vector  with  components  (Q^y ,  M^k  )  in  Fig.  II,  22(d). 

Very  few  dynamic  problems  have  been  studied  with  inclusion  of  shear  deformations 
and  an  interaction  between  bending  and  shearing  strength.  Two  solutions  have  been 
given  in  which  shear  deformations  have  been  computed  on  the  basis  of  an  interaction 
theory.  Karunes  and  Onat  (1960)  worked  out  the  ca  of  a  free-free  beam  initiallv  at 
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rest  which  is  struck  transversely  at  its  mid-point  by  a  concentrated  force  which 
causes  the  struck  point  to  move  with  constant  velocity  V.  This  problem  was  studied 
by  Symonds  and  Leth  (1954  )  ignoring  shear  deformations.  The  shear  loading  is  very 
severe;  if  only  bending  deformations  are  taken  into  account  the  shear 
force  on  each  side  of  the  struck  section  is  proportional  to  /V/t  .  The  treat 
by  Karunes  and  Onat  therefore  starts  with  pure  shear  deformation  (sliding)  of  an 
element  at  the  struck  point.  If  the  beam  is  sufficiently  short,  for  a  given  material 
and  section  shape,  only  sliding  occurs  (Pig.  II  2j(a));  this  requires 


(5.2) 


When  the  above  condition  is  satisfied  very  large  shear  deformations  can  occur  with 

zero  bending,  as  shown  in  Pig.  II  24  by  the  curve  marked  "Shearing  Deformatior' . 

If  the  bending  strength  is  reduced,  so  thatO^L/M^  >  4,  then  bending  deformations 

occur  together  with  shearing;  the  two  ranges  of  C^L/M^  are  indicated  in  Fig.  II  23(b) 

and  (c).  The  curve  labeled  "Bending  Deformation"  in  Fig.  II  24  shows  the  final 

2 

deformation  angle  as  function  ofQ  L/M  .  The  straight  line  at  M  0,,/mlV  =  0.425  is 

T  P  P  f 

the  result  predicted  by  the  analysis  neglecting  shear  deformations. 

This  is  a  problem  in  which  extremely  severe  shear  loads  occur,  and  in  which 

the  large  shear  forces  and  deformations  occur  at  cross-sections  v.-here  the  bending 

moment  is  large  and  bending  deformations  take  place.  The  curves  of  Fig.  II  24  show 

that  the  analysis  neglecting  shearing  deformations  overestimates  the  main  bending 

deformation  by  an  amount  less  than  20  per  cent  if  Q  L/M  is  less  than  about  10.  For 

P  P 

rectangular  sections  this  requires  quite  short  beams,  since  Q  L/M  =  2L/h;  serious 

P  P 

shear  effects  would  require  L/h  <  5,  However,  for  1"  or  box-section  beams  a 
comparable  influence  of  shear  deformation  would  occur  for  much  larger  span-depth 
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0 

ratios.  For  these  sections,  Q  L/M  is  of  the  order  of  A  L/—  Ah  =  A  L/Ah,  where 

p  p  2  w  2  w 

A  is  the  web  area,  A  the  total  section  area.  Since  A  /A  can  be  quite  small  -  about 
w  ’  w 

1/4  for  an  SWP40  -  a  minimum  L/h  of  as  much  as  30  to  40  may  be  demanded,  in  order 
to  Keep  the  influence  of  shear  on  bending  deformations  less  than  about  20  per  cent . 

As  mentioned,  the  case  considered  by  Karunes  and  Onat  is  a  particularly 
severe  one  in  regard  to  shear  effects.  The  problem  first  treated  by  Salvadori 
and  Weirilinger  (1957)  and  later  extended  by  Nonaka  and  Symonds  (1967)  is  perhaps  more 
typical  of  practical  cases.  Salvadori  and  Weidlinger  considered  a  simply  supported 
rigid -perfectly  plastic  beam  subjected  to  a  uniformly  distributed  loading  P  =  P  e  t/T 
and  showed  that  the  beam  may  deform  plastically  by  developing  plastic  slides  at  the 
supports  and  a  plastic  hinge  at  the  mid-span.  Here  the  maximum  shear  force  comes  at 
sections  where  the  bending  moment  is  zero,  and  vice  versa.  The  square  interaction 
curve  of  Fig.  II  22(d)  is  appropriately  used.  In  the  above  solutior  it  is  assumed 
that  the  plastic  hinge  at  the  midspan  does  not  spread,  whereas  in  the  treatment 
presented  by  Nonaka  and  Symonds  this  phenomenon  is  included  in  the  analysis.  Also 
comparisons  are  made  between  deformations  produced  by  an  exponential  and  a  rectangular 
load  pulse  and  impulsive  loading. 

No  deformation  occurs  unless  the  applied  load  P  is  of  a  sufficient  magnitude 

to  cause  the  maximum  moment  to  occur  at  the  midspan  or  the  maximum  shear  force 

0^  at  the  supports.  For  a  beam  stronger  in  shear,  bending  takes  place  at  a  central 

plastic  hinge  for  P  _>  *iM  /L  ;  correspondingly,  for  a  beam  stronger  in  bending  than  shear, 

deformation  occurs  as  shear  slides  at  the  supports  for  P  ^  20p.  The 

of  final  deformations  are  functions  of  the  parameters  v=  p  /p  =  o  L/2M  and  u  = 

s  b  p  p  o 

P  =  P  L/4M  where  P  =  2Q  is  the  collapse  load  in  .shear  and  P,  =  4M  /L  is  the 
o  u  o  p  s  p  bp 

collapse  load  in  bending. 


It  develops  that  motion  may  start  in  any  of  five  different,  modes  depending  on 
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the  values  of  v  and  y^.  The  mode  shapes  and  the  limiting  values  of  v  and  y^  for  each 


particular  moae  are  illustrated  m  tig.  11  i 


t£  _ _ ,4.  _  J  4.U-4.  -C _ ,1  _•  1  ^  j  i  < 

j.6  iiiai  iur  v  s  x  xi 


shear  only  takes  place  and  the  maximum  bending  moment  in  the  beam  does  not  reach  M  , 
regardless  of  the  magnitude  of  the  load.  However,  for  v  >  1  mixed  modes  of  shear  slides 
and  a  central  hinge  or  plastic  zone  may  occur  depending  on  the  values  of  v  and  u^.  As 
the  value  of  y^  tends  to  infinity,  i.e.  impulsive  loading,  shear  motion  always  occurs. 
Types  (E)  and  (a)  motions  were  not  considered  by  Salvadori  and  Weidlinger.  The  latter 
type  of  motion  and  type  (A)  motion,  i.e.  pure  bending  only,  have  been  analyzed  in  detail 
by  Symonds  (1954). 

In  Fig.  II,  26  are  shown  curves  of  final  mid-point  deflection  relative  to  the 
support  points  for  three  different  load  pulse  shapes,  and  with  v  as  parameter.  In  all 
cases  the  total  impulse  is  the  same.  We  see  that  in  the  case  of  the  rectangular  pulse, 
for  uo  greater  than  10,  the  mid-point  deflection  is  practically  independent  of  uo  and 
takes  approximately  90  per  cent  of  its  limiting  value  of  impulsive  loading.  For  a 
corresponding  exponential  pulse  load,  i.e.  with  the  same  impulse  and  peak  load,  smaller 
deformations  are  produced  and  this  is  explained  by  the  fact  that  deformation  is  complete 
before  the  end  of  the  exponential  pulse  while  for  the  rectangular  pulse  the  whole  impulse 
affects  the  deformation.  This  difference  becomes  more  significant  for  small  values  of 
U  •  For  a  given  nulse  shape ,  a  single  curve  of  M  A_/I  against  u  aonlies 
for  all  v  >  1.5.  It  is  noted  also  from  Fig. II  26  that  for  certain  values  of 
v  <  1  the  deformation  caused  by  shear  motion  alone  exceeds  that  of  the  other  types  of 
motion.  This  fact  is  better  illustrated  by  plotting  deformation  values  against  v  with 
yQ  as  parameter  as  in  Fig. II  27.  We  see  that  for  any  particular  load,  deformation 

is  a  minimum  at  v  —  1.0,  greatest  for  v  -  0.75  approximately,  and  constant  for 
v  >  1.5.  The  deformation  modes  are  lettered  and  indicated  by  the  dotted  lines  in 


Fig.  II  27  Figs.  II  25  and  II  27  are  reproduced  from  Nonaka  and  Symonds  (1967). 
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It  has  been  mentioned  that  Salvadori  and  Weidlinger  considered 
Type  (L>)  motion  only.  A  qualitative  difference  appears  when  this  assumption 
of  a  single  bending  hinge  at  the  center  is  made,  instead  of  considering  finite 
plastic  zones  at  the  center.  Instead  of  there  being  one  deformation-load  curve 
for  all  v  >  l.b  (for  given  pulse  shape),  as  found  in  the  complete  solution,  when 
the  single-hinge  approximation  is  made  different  curves  are  obtained  for  dif¬ 
ferent  values  of  v,  when  exceeds  a  certain  magnitude.  In  Tig.  11  26  the 
"single  hinge"  curves  are  drawn  for  the  limiting  case  v  -  ■>,  for  the  two  pulse 
shapes  considered.  It  is  seen  that  the  quantitive  error  of  the  single  hinge 
approximation  is  small. 

To  sum  up,  whether  or  not  shear  deformations  are  important  depends 
mainly  on  the  magnitude  of  v  =  Q  L/2M  .  If  v  >1.6,  the  presence  of  shear 
deformations  has  a  negligible  effect  on  the  major  deflections.  For  a  range 
of  v  between  about  0.8  and  1.5  the  shear  deformation  results  in  smaller  deflec¬ 
tions,  but  for  v  smaller  than  about  0.8,  the  deflections  are  larger  than  predicted 

by  the  theory  for  bending  deformation  only  (shear  strength  taker,  as  infinite). 

x 

For  a  rectangular  or  other  compact  section  v  =  L/h  and  shear  deforma¬ 
tions  are  unimportant.  For  box  and  I  sections,  however,  v  is  smaller;  for  ex¬ 
ample,  v  -  L/7h  for  an  8  ',,'F  40  section.  For  such  sections,  shear  deformations  can 
be  important  if  the  span  is  less  than  about  10  times  the  depth. 

( B )  Moment-Axial  Force  Interaction 

The  above  discussion  considered  situations  where  shear  forces  were 
large  but  axial  forces  H  were  zero  or  at  least  very  small,  however,  in  practical 
problems  of  dynamic  loading  causing  large  deformations,  axial  forces  must  often 
be  considered;  they  may  play  the  principal  role  in  determining  the  load-deformation 
characteristic  of  the  structure.  Consider  a  beam  whose  ends  are  fully  constrained 
and  which  is  subjected  to  a  transverse  pressure  of  high  initial  intensity.  Neglect¬ 
ing  effects  of  shearing  deformation,  suppose  the  loading  can  be  approximated  as  of 
impulsive  type; 

•i* 
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the  pressure  imparts  an  initial  velocity  V  to  the  whole  beam.  The  initial  response  of 
the  beam  is  one  of  clastic  bending,  but  if  V  is  sufficiently  large,  plastic  deformations 
much  larger  than  those,  in  the  elastic  range  will  be  produced.  This  problem  was  analyzed 
by  Symonds  and  Mentel  (1958).  Assuming  a  rectangular  cross-section  the  interaction 
between  bending  moment  M  and  axial  force  N  was  taken  as  follows: 


(5.3) 


Deformations  generally  are  a  combination  of  axial  extension  eQ  at  the  centroid  of  the 

cross-section  and  curvature  k  of  the  center  line.  The  rates  e  ,  ic  (or  increments)  of 

o 

these  quantities  are  related  by 


N  e 

P  o  -  ,  N_ 

M  ‘  N 

M  k  p 

P 


(5.9) 


With  these  relations,  the  rigid-plastic  analysis  can  be  carried  out  without  difficulty 

for  the  transition  phase  of  the  motion  in  which  the  initial  bending  response  is  replaced 

by  one  in  which  both  bending  and  axial  extension  occur.  This  analysis  shows  that  when 

the  central  deflection  reaches  a  magnitude  roughly  equal  to  the  depth  h  of  the  beam, 

the  axial  force  becomes  equal  to  N  and  the  bending  moment  vanishes.  For  further 

deflections  the  beam  behaves  like  a  plastic  string  or  membrane,  carrying  axial  force 

Np  without  bending.  The  analysis  of  this  phase  of  the  response  is  complicated  by  the 

need  to  satisfy  the  flow  relation  (  5,9).  When  N/N  =  1,  e  and  k  must  satisfy  the 

p  o 

inequalities 


M  K 

-1/2  <  rA--  <  1/2 

—  N  £  — 

p  O 


(5.5) 


Symonds  and  Mentel  ignored  this  restriction  resulting  from  the  finite  bending, 


strength  of  the  section:  the  beam  is  treated  i.n  the  second  phase  like  a  plastic  string  J 
until  the  maximum  deflection  is  reached,  which  is  taken  as  the  final  deflection,  j 

Deflections  obtained  in  this  way  are  bounded  above  by  the  deflection  calculated  assum¬ 
ing  plastic  string  behavior  during  the  entire  motion,  rather  than  just  the  final 
stage.  They  are  bounded  below  by  results  of  an  analysis  continuing  (beyond  its 
proper  range)  the  treatment  for  beam  response  with  bending  moment-axial  force  inter¬ 
action,  The  curves  shown  in  Tig.  I  I  ?8  show  the  final  deflection  according  to  the 
complete  (approximate)  solution  of  reference,  together  with  the  upper  and  lower  bound 
solutions  just  mentioned,  and  the  simplest  rigid-plastic  solution  in  which  axial 
constraints  are  disregarded.  These  are  for  the  case  L/h  =20,  It  is  seen  that  for  a 
beam  as  slender  as  this,  the  behavior  resembles  that  of  a  string  much  more  than  that 
of  an  unconstrained  beam.  Thus  the  end  constraints  against  axial  displacements  have  a 
profound  influence  on  the  deformation. 

The  beam  problem  discussed  above  required  consideration  of  axial  forces  as 
a  consequence  of  the  growth  of  deflections  to  magnitudes  as  large  or  larger  than  the 
beam  depth.  In  other  structures,  such  as  arches,  rings,  and  frames,  axial  forces  are 
required  for  equilibrium  of  the  undeformed  structure,  and  the  interaction  between 
bending  moment  and  axial  force,  and  the  relation  between  the  corresponding  deformation 
rates  must  be  taken  into  account  from  the  start. 

In  the  foregoing  discussion  of  interactions  of  bending  moment,  shear,  and 
axial  force  in  beams  we  have  considered  separately  interactions  between  M  and  Q,  and 
between  M  and  N,  This  has  been  expedient  in  order  to  estimate  orders  of  magnitudes 
of  effects,  and  in  view  of  the  absence  of  true  (local)  interaction  relations.  How¬ 
ever,  it  is  worth  mentioning  that  the  problem  of  plastic  interaction  between  the 


three  quantities  M/M^,  Q/Qp,  N/N  has  been  solved  for  the  static  loading  of  a 
cantilever  by  an  end  force.  As  noted,  the  results  certainly  do  not  apply  quantita- 
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tively  even  to  other  cases  of  static  loading,  but  may  give  qualitative  indications  of 
the  importance  of  the  interactions.  The  full  interaction  problem  for  a  beam  of 
rectangular  section  was  solved  by  Neal  (1961b).  Previously  it  had  been  shown 
(Drucker  (1956))  that  a  good  approximate  interaction  relation  between  M  and  Q  is 
equation  (5 . 11 


M 

P 


t 


1 


Neal's  results  showed  that  an  equally  good  approximate  formula  could  be  used  when 
N/N  is  also  taken  into  account,  namely  by  replacing  in  the  above  equation 


M 

P 


by 


M_ 

M 

P 


o 

0_ 


by 


The  suggested  formula  is 


M 

M 

P 


(5.6) 


Some  of  the  interaction  curves  for  constant  N/N^  are  shown  in  Fig.  II  22(a). 

Tor  I-sections  no  such  simple  approximate  formula  can  be  given  but  Neal 
succeeded  in  obtaining  lower  bound  curves.  These  are  presented  in  the  form  of  the 
surface  drawn  in  isometric  projection  in  rig.  II  29.  The  results  are  for  an  8WF4Q 


section. 


Figure 


Figure  Captions  for  Chapter  II 
Caption 

II  1  Problem  solved  as  example  of  dynamic  elastic-plastic 

analysis  by  normal  modes:  uniform  simply-supported  beam 
with  initial  velocity  varying  as  half  sine  wave. 

II  2  Idealized  elastic-perfectly  plastic  moment -curvature 

relation  used  in  illustrative  problem. 


II  3  Deflection  pattern  with  plastic  hinge  at  midpoint. 

II  4  Slope  angle  at  midpoint  as  function  of  dimensionless  time 

n'  and  S  =  ratio  of  initial  kinetic  energy  to  maximum 
elastic  strain  energy  capacity  of  beam.  Normal  mode 
solution  is  valid  up  to  point  of  first  maximum,  (From 
Seiler,  Cotter,  and  Symonds,  1956) 

II  5  Plots  of  bending  moment  over  half-sDan  at  two  times  n' 

and  four  magnitudes  of  energy  ratio  S.  (From  Seiler, 

Cotter,  and  Symonds,  1956) 

II  6  Terminology  for  finite-difference  treatment  of  Baron,  Bleich 

and  Weidlinger  (1961). 

II  7  Simple  spring-mass  model.  P(t)  is  external  load. 


II  8 
II  9 

II  10 

II  11 

II  12 

II  13 

II  14 

II  15 

II  16 


Rectangular  load  pulse  of  intensity  P  ,  duration  x. 

Assumed  linear  elastic-perfectly  plastic  "spring  characteris¬ 
tic":  Q  =  "yield  load"  or  "static  collapse  load",  x  = 

"yield  deflection".  ^ 

Relation  between  time  of  yield  t  and  load  ratio  u  =  P  /0 
when  yield  occurs  during  load  duration  interval  (t^  s  ?). 

Ddependence  of  final  plastic  deformation  on  load  ratio 
V  =  P„/Q  calculated  by  elastic-plastic  analysis  (x  )  and 
rigid-plastic  analysis  ( x :  ' ) ,  for  several  ratios  ofPload 
duration  t  to  elastic  period  T. 

Error  of  rigid-plastic  analysis  as  function  of  energy 
ratio  R'  =  Q^Xp'/VQ^x^,  for  various  load  duration  ratios  i/T. 

Error  of  rigid-plastic  analysis  as  function  of  load  duration 

ratio  t/T,  for  various  load  magnitude  ratios  u  =  P  /Q  . 

o  y 

Illustrative  problem  for  deflection  estimate:  simply-supported 
beam  with  uniformly  distributed  load  P. 

Deflection  configuration,  illustrative  problem  for  deflection 
estimate. 

Mass-spring  model  with  two  degrees  of  freedom,  example  (A). 

Load  of  impulsive  type  is  applied  to  ore  mass  giving  initial 
velocity  V  . 


II  17 

II  18 


II  19 


II  20 


II  21 


II  22 


II  23 


Final  plastic  deflections  of  two-degree-of-freedom  model, 
example  (A). 

Sequence  of  elastic  and  plastic  deformations  in  example  (A). 

At  a  piven  value  of  energy  ratio  R  (or  of  n)  the  curves  show 
times  when  plastic  deformations  start  and  ston  in  the  two 
springs. 

Illustrative  problem  of  uniform  pressure  on  simply  suDnorted 
beam,  example  (B);  elastic-plastic  solutions  from  Baron, 

Bleich,  and  Weidlinger  (1961);  rigid-plastic  solution  from 
Symonds  (1954). 

Illustrative  problem  of  cantilever  beam  subjected  to  impact 
at  its  base,  example  (C).  Elastic-plastic  numerical  solu¬ 
tion  from  Alverson  (1958);  rigid-plastic  solution  from  Green 
(1954),  (a)  shows  final  angle  of  rotation  at  base  as  func¬ 

tion  of  dimensionless  acceleration  parameter,  (b)  shows 
notation  and  locations  of  typical  and  plastic  defor¬ 
mation. 

Patterns  of  plastic  deformation  of  cantilever  with  base 
impact,  example  (C)  from  Alverson  (1958),  symbols  and 
refer  to  concave  downward  and  concave  upward  curvatures, 
respectively,  as  in  Fig.  II  20  (b).  Vertical  line  indicates 
occurrence  of  plastic  flow  at  the  corresponding  cross  section. 
Solution  was  obtained  by  numerical  integration  of  finite  dif¬ 
ference  equations  based  on  grid  of  characteristics,  with  20 
segments  along  beam. 

Interaction  diagrams:  solutions  from  limit  analysis  for 
bending  moment  M,  shear  force  Q,  and  normal  force  N  at  base  of 
an  end-loaded  cantilever.  Mp,  0  ,  N  are  limit  (fully  plastic) 
magnitudes  for  corresponding  individual  load. 

(a)  Rectanrular  section.  Full  curve  for  N  =  0  from  Drucker 
(1956);  dashed  curves  for  N  >  0  from  Neal  (1961b). 

(b)  and  <c)  Curves  for  typical  I-section  (6WF40).  Sharp 

drop  in  M  occurs  at  0  =  0W  =  approximately  web  area 
times  yield  stress  in  shear.  (From  Neal  (1961a). 

(d)  Simplified  interaction  diagram  assumed  for  use  in  dynamic 
problems.  For  I-section  0o  is  taken  as  Qw,  as  indicated 
for  (b). 

Problem  of  shear  deformation  of  free-free  beam  treated  by 
Karunes  and  Onat  (1960), 


II  24  Curves  showing  shear  and  bending,  deformations,  adapted  from 

Karunes  and  Onat  (I960). 

II  25  Types  of  initial  deformation  of  simply  supported  beam  under 

uniformly  distributed  load  with  initial  magnitude  PQ  =  P(0), 
showing  dependence  on  parameters  of  load  magnitude  M0  and  of 
shear  strength  v.  (From  Nonaka  and  Symonds,  1967) 
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Comparison  of  final  midpoint  deflection  as  function  of 
load  magnitude  at  constant  impulse  I  for  rectanrular  pulse, 
exponentially  decreasing  pulse,  and  impulsive  load  (initial 
velocity).  Solution  for  "single  hinge  bendinp  only"  for 
exponential  loading  ViaS  given  by  Salvador!  and  We  lull  rij5£r  ( 1; 

Dependence  of  final  midpoint  deflection  at  constant  impulse 
on  shear  strength  parameter  v,  for  various  load  magnitudes. 
Dashed  lines  separate  regions  of  initial  deformation  pattern 
as  shown  in  Fig.  II  25.  (From  Nonaka  and  Symonds,  1967). 

Deflection  curves  showing  large  influence  of  constraints 
against  axial  motion,  from  Symonds  and  Mentel  (1958). 


Approximate  interaction  between  bendinp  moment  M,  shearing 
force  Q  and  axial  force  N  for  an  I-section,  plotted  in  an 
isometric  diagram,  from  B.  0.  Neal,  Report  NNS/12,  October, 
1961,  Brown  University  to  Norfolk  Naval  Shipyard,  Underwater 
Explosions  Research  Division. 
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Chapter  III 
EXPERIMENTS  ON  BEAMS 


Introduction 

Since  the  beginnings  of  the  modern  interest  in  plastic  deformation  of 
structure''  under  dynamic  load,  remarkably  few  experimental  investigations  on 
beams  have  been  carried  out.  This  is  surprising,  since  a  beam  is  a  simple  but 
in  many  ways  highly  representative  structural  element.  Considerable  test  work 
has  been  done  on  more  complex  structures  (protective  structures,  naval  and 
space  vessels,  etc.)  as  an  aid  in  design,  but  much  of  this  has  been  done  on 
an  ad  hoc  basis  without  time  to  explore  detailed  relations  between  theory  and 
test  results.  On  the  other  hand,  engineering  scientists  involved  in  basic 
research  nave  devoted  a  large  amount  of  effort  to  investigations,  both 
theoretical  and  experimental,  of  longitudinal  plastic  wave  propagation  in  rods. 
This  is  natural,  since  the  theory  of  uniaxial  stress  waves  is  highly  developed ; 
if  transverse  inertia  is  neglected  and  an  invariant  stress-strain  relation  is 
employed,  an  exact  elastic-plast.ic  solution  is  obtainable  in  principle  for 
arbitrary  initial  and  end  conditions,  and  for  arbitrarily  large  strains. 
Similarly,  a  large  amount  of  work  has  been  done  on  plane  waves,  i.e.  waves 
of  uniaxial  strain,  in  media  with  large  dimensions  transverse  to  the  direction 
of  propagation.  Analyses  based  on  invariant  stress-strain  relations  are 
obviously  suspect „  in  view  of  the  rate  dependence  observed  in  many  experiments 
as  summarized  in  Chapter  I.  Wave  experiments  have  unfortunately  not  y^t  been 
successful  in  resolving  questions  of  dynamic  stress-strain  relations.  There 
are  basic  disagreements  about  the  wave  tests  and  their  interpretation;  see 
for  example  Karnes  and  Ripperger  ( 196*1 ),  Bell  (1966),  and  Kolsky  (1966). 
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The  number  of  experimental  investigations  published  on  plastic 
deformations  of  beams  under  impact  ,  blast,  or  other  dynamic  loads  is  a  small 
fraction  of  the  number  published  on  longitudinal  waves.  The  experiments  on 
beams  do  show  a  certain  degree  of  consistency  in  the  general  conclusions 
drawn  from  them.  The  summary  below  will  try  to  point  out  these  points  of 
general  agreement,  but  will  also  indicate  the  areas  where  experimental  work 
has  been  neglected  or  is  inconclusive. 

The  principal  experimental  investigations,  which  will  be  studied 
in  wiiat  follows,  are  summarized  in  Table  III  1. 

He  will  not  describe  in  detail  the  experimental  investigations 
listed  in  Table  III  1,  but  instead  will  attemipt  first  to  summarize  the  main 

I 

results,  show  comparisons  with  various  theoretical  predictions,  and  then  give 
some  overall  conclusions.  The  list  of  investigations  is  certainly  not  an 
exhaustive  one,  and  a  few  other  experimental  studies  on  beams  will  be 
mentioned  below  at  appropriate  places.  The  v.  ost  valuable  investigations 
are  those  in  which  important  parameters  were  varied  through  wide  range . 

1.  Tests  of  Duwe’ ,  Clark  and  Uocnenblust  (1150) 

This  investigation  was  concerned  with  impact  of  a  mass  on  a  long 
beam,  the  problem  being  that  solved  by  Bohnenblust  and  discussed  in  Chapter  II, 
Section  2.  The  autnors  compared  the  deflection  curve  (obtained  by  high  speed 
photography)  anc  the  plastic  and  elastic  deformations  determined  from  it  with 
the  corresponding  quantities  calculated  from  Bohnenblust ' s  general  elastic- 
plastic  theory  and  from  a  purely  elastic  theory.  Both  theories,  it  should  be 
remembered,  apply  strictly  to  infinite  beams  and  to  constant  velocity  impact. 
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Table  III  1 


Type  of  Main 

Investigators  _ Specimens  Loading  Interest 


Materials 

Type  of  Support 
Dimensions 

1.  Duwez,  Clark 

and  Bohnenblust 

(1950). 

Cold-rolled 

steel; 

copper. 

Simple  support 
length  10  ft. 
depth  1  in. 
width  3/8  in. 

Impact  by 
heavy 
hammer ; 
controlled 

contact 
duration . 

Comparison 
with  general 
elastic-plastic 
theory  of  in¬ 
finite  beams . 

2.  Parkes 

(1955,  1956, 
1958). 

Steel,  brass 
duralumin. 

Cantilevers 
simple  support 
lengths  2  in.- 
12  in. 

depth  1/4  in. 
width  1/4  in. 

Impact  by 
hammer  or 
by  lead 
bullet . 

Comparison  with 
rigid-plastic 
theory , 

3.  Mentel  (1958) 
Bodner  and 
Symonds  (1962). 

Steel 

A1  alloy 
6061-T6 

Cantilevers 
with  tip  mass . 
lengths  2  in.- 
12  in. 

depth  .12  in. 
width  .3  in. 

Impact  on 
base;  im¬ 
pulse  at 
tip  mass 
from  ex¬ 
plosive 
charge  or 
bullet  en¬ 
tering  tip 
mass . 

Comparison  with 
rigid-plastic 
theory . 

9.  Florence  and 
Firth  (1966) 

Steel  CR10.18 
A1  alloy 

2 024 -T9 
6061-T6 

Simple  and 
fixed -ended 
supports . 
length  18  in. 
depth  1/4  in. 
width  1  in. 

Sheet 
exp  ios  xv«- 
placed  on 
the  surface 
of  the  beam 

Comparison  with 

rigid-plastic 

theory. 
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The  horizontal  beam  specimens  (10  ft.  by  3/8  in,  wide  by  1  in.  deep) 
were  supported  at  their  ends  by  pins  allowing  rotations  and  horizontal  displacements, 
and  were  struck  at  their  center  by  a  vertically  moving  hammer  weighing  5-3/4  lb. 
accelerated  by  rubber  bands  to  the  desired  velocity  of  impact  (in  the  range  25  ft. 
per  sec.  to  150  ft.  per  sec.).  The  hammer  struck  a  set  of  anvils  a  certain 
distance  below  the  top  of  the  beam,  and  at  the  instant  of  striking  the  anvils 
closed  a  circuit  which  fired  an  electric  discharge  tube  and  thus  photographed  a 
white  line  drawn  on  the  beam.  The  various  desired  impact  durations  were 
controlled  by  the  distance  of  the  anvils  below  the  top  of  the  beam;  the  anvils 
permitted  further  downward  motion  of  the  specimen  beams  as  a  result  of  their 
inertia.  Cold-rolled  steel  and  annealed  copper  beams  were  tested.  The  appropriate 
bending  moment-curvature  curves  were  determined  by  computation  from  measured 
stress-strain  curves  for  tension  and  compression. 

For  the  cold-rolled  steel  beams  the  bending  moment  increases  slowly 
with  curvature  beyond  the  plastic  range  and  the  curve  is  quite  well  approximated 
by  an  elastic  line  and  a  horizontal  plastic  line.  The  derived  curve  for  the  test 
specimens  and  the  bilinear  approximate  curve  are  shown  in  Fig.  Ill  1  (b).  The 
plastic  moment  is  taken  as  8000  in. -lb.  in  the  calculations.  Fig.  Ill  1  shows 
a  summary  of  typical  results  for  cold-rolled  steel  specimens.  Fig.  Ill  1  (a) 
shows  a  typical  deflection  curve  together  with  calculated  deflection  curves  based 
on  Bohnenblust ' s  elastic-plastic  analysis  and  on  the  same  type  of  treatment 
without  consideration  of  plastic  strains.  Figs.  Ill  1  (d)  and  (e)  show  the  results 
of  a  series  of  tests  made  with  common  impact  velocity  of  100  fps,  adjusting  the 
anvils  so  as  to  obtain  different  impact  times.  These  figures  show  that  the 
angle  of  deformation  8  at  the  struck  point  and  the  point  of  zero  deflection  x 

o 

1/2  , 

vary  with  (time)  in  an  approximately  linear  manner.  The  numerical  agreement 
of  the  6  values  with  the  theoretical  elastic-plastic  curve  of  6  vs.  /t~  is  quite 
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the  theoretical  curve  at  larger  values  of  /t,  As  far  as  the  zero-deflection 
point  xq  is  concerned,  the  results  are  completely  anomalous.  In  Tig.  Ill  1  (e) 
the  test  points  are  shown  by  circles,  and  the  x  -  «^F  curves  predicted  by 
various  theories  are  drawn,  the  solid  line  being  the  curve  predicted  by 
Bohnenblust 1 s  elastic-plastic  theory.  The  broken  lines,  as  marked,  are  for  the 
elastic  beam  corresponding  to  Bohnenblust ' s  theory,  and  the  most  elementary 
rigid-plastic  theory  (discussed  more  fully  below),  both  assuming  that  the 
striking  mass  maintains  constant  velocity.  These  two  curves  almost  coincide, 
and  they  show  much  better  agreement  with  the  test  results  than  does  the  curve 
deduced  from  the  elastic-plastic  treatment,  which  should  be  the  most  realistic 
theory.  The  agreement  with  respect  to  the  zero  deflection  point  between  the 
rigid-plastic  and  wholly  elastic  theories  suggests  that  the  agreement  of  either 
of  these  with  test  results  is  fortuitous,  and  gives  no  indication  as  to  the 
reliability  of  either  theory  in  other  situations. 

The  angle  of  rotation  8  at  the  struck  point  is  shown  in  Fig.  Ill  1 
(c)  as  a  function  of  striker  velocity  V  ,  the  test  points  again  shown  by 
circles  and  results  predicted  by  Bohnenblust *s  elastic-plastic  theory  by 
the  solid  curve.  Evidently  Pchnenblust 's  theory  predicts  the  plastic  deformation 
angles  well  at  the  smaller  striker  velocities,  but  overestimates  the  plastic 
deformation  by  roughly  35  percent  at  the  highest  velocity  (150  ft.  per.  sec.) 

In  sum,  the  tests  by  Duwez,  Clark  and  Bohnenblust  (1950)  show  that 


for  cold-rolled  steel  beams 


(a)  Bohnenblust 's  elastic-plastic  theory  predicts  the  plastic 

deformation  angles,  as  function  of  impact  velocity  at  constant 
impact  duration  time,  with  good  accuracy  over  the  lower  part 
of  the  velocity  range,  but  overestimates  this  quantity  at  the 
highest  velocity  by  about  35  percent. 
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(b)  Bohnenblust ' s  elastic-plastic  theory  predicts  the  increase  of 
angle  of  plastic  deformation  wjth  time  (it  constant  impact 
velocity)  with  good  accuracy,  although  the  theory  overestimates 
this  angle  at  the  largest  deformation  values  by  about  10  percent. 

(c)  The  shape  of  the  deflected  beam  is  reasonably  well  predicted 
by  Bohnenblust 's  theory.  The  spread  of  deformation  as  a 
function  of  time  may  be  studied  by  examining  the  coordinate  xq 

of  the  point  where  the  deflection  curve  crosses  the  zero-deflection 
axis  closest  to  the  impact  section;  the  predicted  relation 
=  constant  /t  agrees  well  qualitatively  with  the  results 
observed  in  the  tests. 

What  conclusions  can  be  drawn  from  the  results  summarized  above? 

"Agreement  between  theory  and  tests"  should  mean  that  the  approxi¬ 
mations  and  hypotheses  on  which  the  theoretical  predictions  were  based 
are  valid-  excluding,  of  course,  the  possibility  that  a  seriously  incorrect 
assumption  or  approximation  was  cancelled  out  by  some  phenomenon  which  played 
a  role  in  the  tests  but  was  omitted  from  consideration  in  the  theory. 

In  the  present  case,  the  major  assumptions  and  approximations  in 
Bohnenblust’ s  theory  of  elastic-plastic  beam  impact  are  as  follows: 

(1)  The  Bohnenblust  form  of  solution  applies  only  to  constant 
velocity  impact  on  a  beam  of  infinite  length . 

(2)  Rotary  inertia  and  shear  deflections  (elastic  and  plastic) 
are  neglected;  in  the  elastic  range  the  differential  equa¬ 
tions  are  those  of  the  elementary  Bernoulli -Euler  beam  theory. 

(3)  The  basic  material  characteristics  -  ?  curve  relating  bending 
moment  to  curvature  -  are  invariant  properties  of  the  material 
and  the  given  beam  section;  in  particular  there  is  no  depen¬ 
dence  on  the  current  strain  rate  or  on  the  history  of  deforma- 
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t. ion  rates. 

(4)  In  applying  the  theory  to  the  test  specimens  further  approxi¬ 
mations  regarding  material  behavior  are  made,  in  that  the 
moment -curvature  relation  was  approximately  represented  by 
two  straight  lines:  plastic  behavior  was  represented  in  the 
case  of  the  cold-rolled  steel  by  a  horizontal  line  (as  in 
Fig.  Ill  l  (b),  and  in  the  case  of  copper  by  a  straight  line 
at  an  angle  with  the  strain  axis.  In  both  case  a  Bauschinger 
effect  was  assumed  such  that  a  constant  elastic  range  exists 
(kinematic  strain  hardening) 

The  most  important  discrepancies  between  test  results  and  theoretical 
predictions  are  probably  those  between  measured  and  predicted  plastic  rotation 
angles  at  high  impact  velocities.  The  experiments  must  be  examined  to  try 
to  determine  which  of  the  listed  sources  of  error  is  responsible  for  the 
observed  discrepancies.  This  implies  (in  the  absence  of  further  experimentation) 
the  need  for  reasonable  estimates  of  corrections  corresponding  to  the  listed 
sources  of  error. 

Rigid-plastic  analysis  provides  a  means  by  which  some  of  these 
estimates  can  be  made  very  easily.  Whethe”  or  not  a  rigid-plastic  analysis 
is  appropriate,  it  seems  reasonable  to  suppose  that  the  qualitative 
importance  of  the  correction  due  to  plastic  shear  deformation,  for  example, 
is  roughly  the  same  for  both  the  rigid-plastic  and  elastic-plastic  treatments. 

We  shall  illustrate  this  use  of  plastic-rigid  analysis  in  the  present 
problem .  We  give  first  the  result  of  the  simplest  possible  model  of  the 
Duwez -Clark -Bohnenhlust  experiment.  This  is  the  case  of  an  infinite  beam  of 
rigid-plastic  material,  struck  at  one  section  by  a  mass  so  large  that  its 
velocity  remains  unchanged;  the  beam  is  supposed  to  undergo  plastic  deformation 
in  bending  only  (shear  deformations  neglected),  to  have  negligible  rotary 
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inertia,  and  to  exhibit  ideally  plastic  behavior,  without  strain  rate  effects 
on  strain  hardening.  Tha  results  of  this  simplest  rigid-plastic  model  are  then 
compared  with  those  obtained  for  models  which  are  made  successively  more 
realistic  by  taking  account  of 

(A)  finite  striking  mass 
(8)  shear  deformation 
(C)  strain  rate  sensitivity 

Estimates  of  other  effects  such  as  of  rotary  inertia  of  the  beam  section, 

strain  hardening,  and  finite  deflections ,  could  also  be  obtained  as  modifications 

of  the  elementary  rigid-plastic  treatment,  but  the  calculations  are  more 

involved  and  only  a  few  remarks  will  be  made  about  these. 

The  rigid-plastic  solutions  are  obtained  from  the  diagrams  of 

Fig.  Ill  3.  Sketch  (b)  of  this  figure  represents  the  mechanism  of  deformation 

appropriate  when  the  material  is  perfectly  plastic,  with  a  constant  plastic 

limit  moment  M^.  As  shown  in  (b)  and  (d),  at  the  struck  point  there  is  a 

plastic  hinge  with  moment  +  (assumed  unaffected  by  the  shear  stress). 

In  a  segment  OH  of  length  z  the  bending  moment  changes  from  +  M  to  -M  . 

P  P 

The  shear  force  vanishes  and  the  bending  moment  has  the  constant  value  -M  , 

P 

at  H  and  at  all  sections  to  the  right  of  H.  This  moment  diagram  (d)  corresponds 
to  the  velocity  diagram  (c),  which  shows  velocities  of  beam  cross-sections 
proportional  to  distance  from  point  H  in  the  segment  OH;  this  segment  must 
move  as  a  rigid  body  since  the  bending  moment  has  magnitude  } H  j  <  Mp  inside 
OK.  To  the  right  of  H  the  beam  is  at  rest. 

In  the  "simplest  solution"  the  impacting  mass  G  is  taken  to  be  so 
large  compared  with  the  mass  of  the  beam  which  is  set  in  motion  that  its 
velocity  remains  unchanged  at  the  striking  velocity  V  .  Neglecting  shear 
deformations  in  the  beam,  the  velocity  of  the  beam  at  the  struck  cross-section 
is  likewise  constant  at  V  .  Thus  the  only  unknown  quantity  of  the  deformine 
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beam  is  the  length  z,  This  can  be  found  by  the  equation  cf  conservation  of 
moment  of  momentum  about  an  axis  at  0: 


2M  t 
P 


xw(z  -  x)  mdx  =  mz3u 
b 


(i.i) 


'o 

where  u  is  the  angular  velocity  of  segment  OH,  and  m  is  the  mass  per  unit 
length  of  the  beam.  Since  in  the  case  of  constant  velocity  impact  w  *  V^/z, 
the  result  for  z  is 


2 

7. 


12M  t 

_ E_ 

mV 


o 

The  plot  of  z  vs.  t  according  to  the  above  equation  is  shown  in  Fig.  Ill  1  (e) 

for  the  cold  rolled  steel  specimens  tested  by  Duwez  et  al  at  =  100  ft /sec. 

The  agreement  with  the  experimental  values  of  x  (the  beam  coordinate  where 

o 

the  deflection  curve  crosses  the  horizontal  axis  closest  to  the  impact  point) 
is  remarkable  but  seems  of  little  significance.  The  angle  of  deformation  at 
the  impact  point  is 


6 


todt  = 


,,2 

mV  z 
o 

6M 


mV3t 

o 


3M 


(1.2) 


The  central  angle  from  Equation  (l .2) is  shown  in  Fig.  Ill  2  as  curve  D,  plotting 

-3 

6  versus  for  constant  impact  duration  time  1.22  x  10  sec.,  using  the  data 
for  the  cold-rolled  steel  beam  specimens  of  Duwez  et  al  (1950).  The  results 
from  Equation  (1.2) agree  badly  with  the  measured  values  in  the  tests,  being 
too  large  by  a  factor  between  2  and  3.  This  is  not  surprising;  apart  from 


the  corrections  to  be  discussed,  we  have  no  reason  to  expect  close  agreement 
between  predictions  of  a  rigid-plastic  theory  and  the  test  results  (the  ratio 
of  plastic  work  to  maximum  elastic  strain  energy  is  approximately  one  ,  for 
the  data  of  the  test  results  shown  in  Fig.  Ill  2).  We  may,  however,  now  use 
the  simple  rigid-plastic  analysis  just  given  as  a  basis  for  estimating  the 
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relative  importance  of  many  of  the  physical  assumptions  made,  and  take  the 
results  as  indicative  of  the  relative  importance  of  the  same  effects  in 
Bohnenblust 's  elastic-plastic  theory. 

(A)  Finite  mass.  If  the  striking  body  has  mass  G,  but  is  assumed 
to  have  the  same  velocity  V(t)  as  the  struck  section  of  the  beam,  the  equation 
of  momentum  of  momentum  Equation  (1 . 1)  must  be  supplemented  by  that  of  linear 
momentum  in  order  to  determine  the  additional  unknown  V(t): 


GV  =  GV  +  mz  V 
o 


(1.3) 


Using  V  =  uzi  the  following  equations  are  obtained  for  V,  z,  and  0 


V  12M  mt 
V_  .  _  P 

V  V  ~  2 

o  G  V 

o 


(1.4a) 


2  12M  t 

mz _ _  p 

G+mz  ~  mV 


(1.4b) 


,,2  ,  3  mz 

o  _ 4 G 

6M  ,,  x  mz.J 

p  (1  ♦  -q) 


(1.4c) 


The  central  angle  6  as  function  of  according  to  Equation  (1.4c)  is  plotted 
.  -3 

as  curve  C  in  Fig.  Ill  2,  taking  t  =  1.22  x  10  sec.,  and  the  data  for  G, 

m,  etc.  as  given  for  the  tests  on  cold  rolled  steel  beams  of  Duwez  et  al  (1950). 

.  .  -3 

For  an  initial  velocity  of  1200  in/sec  at  t  =  1.22  x  10  sec.,  Equation  (1.4a) 

gives  the  result  V/V^  =  0.71,  Thus  the  reduction  of  striker  velocity  is 

3 

appreciable  even  in  the  first  millisecond  for  a  weight  5-  lb.  striking  a  10  ft 
long  beam  of  3/8  in.  and  depth  1  in.,  and  the  angle  of  deformation  is  about 
two-thirds  that  which  is  predicted  if  the  striker  is  assumed  to  move  with 
unchanged  velocity. 


(B)  Shear  deformation.  The  rigid-plastic  analyses  outlined  above, 


as  well  as  Bohnenblust ' s  analysis,  took  the  shear  forces  in  the  beam  as 
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reaction  forces  (doing  no  work),  and  disregarded  the  fact  that  the  shear  force 
at  the  struck  sections  is  infinite  initially.  This  result  is  due  in  part  to 
treating  the  beam  as  a  one-dimensional  continuum  without  cross-sectional 
deformation  due  to  shear  or  compression,  and  also  in  part  to  assuming  that  the 
struck  portion  of  the  beam  instantaneously  acquires  the  velocity  of  the 
striker.  Since  these  are  common  assumptions  in  conventional  beam  theory,  it 
is  of  interest  to  obtain  the  correction  for  shear  deformation  alone  in  the 
plastic-rigid  theory. 

This  simple  treatment  of  shear  deformation  to  be  outlined  takes  the 
square  interaction  curve  of  Fig.  II  22  <d)  as  an  adequate  approximation.  At 
a  cross-section  where  Q  =  a  shear  slide  is  permitted,  (corresponding  to  a 
plastic  hinge  for  bending);  a  jump  in  transverse  velocity  of  the  beam  across 
the  slide  section  must  have  a  sign  agreeing  with  the  shear  force  directions  so 
that  positive  work  is  done.  In  the  present  problem  we  write  the  velocity  of 
the  striker  as  V'  while  the  velocity  of  each  adjacent  section  is  V.  During 
a  period  after  the  mass  strikes,  the  shear  force  at  the  struck  section  is  Q 

P 

and  V'  -  V  >  0.  At  this  section  the  fully  plastic  bending  moment  is  assumed 
to  act,  without  interaction  between  shear  force  and  bending  moment,  as  in  the 
case  treated  by  Karunes  and  Onat  (1960)  outlined  above  (see  Fig.  II  23).  The 
equation  of  linear  momentum  replacing  Equation  (1.3)  is 


GV  =  GV'  +  mzV 
o 


(1.5) 


Since  the  shear  force  at  the  struck  section  now  has  the  known  value 
linear  impulse -momentum  equation  for  the  half-beam  is 


Q  the 
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V 


(1.6) 


The  previously  written  equation  of  angular  impulse -moment  of  momentum  still 
applies,  and  V  =  uz,  so  that 


H  t  =  r.  mV2‘ 

r 

'onihining  Equations  (1.6),  (l,-7),  and  (1.6)  ws 
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(1.8c) 


Note  that  the  hinge  coordinate  z  ’*s  constant  in  this  phase.  The  shearing 

deformation  is  completed  in  a  time  t^  determined  from  Equation  (1.8b)  by 

setting  V  -  V’  =  0.  At  later  times  the  momentum  conservation  equations  apply 

in  their  previously  used  forms,  and  the  deformations  are  easily  found  by 

integrating  beyond  time  t  .  The  central  angle  of  rotation  computed  at 

s 

-3 

t  =  1.22  *  10  sec.  is  shown  as  curve  B  in  Fig.  Ill  2.  It  is  seen  that 
with  account  taken  of  shearing  deformation  there  is  a  further  reduction  of 
the  central  angle  below  that  of  curve  C,  The  original  large  discrepancy 
between  the  test  results  and  the  angles  predicted  by  the  simplest  rigid- 
plastic  theory  has  been  largely  removed  by  the  analysis  taking  account  of 
the  finite  striker  mass  and  shear  deformations. 

(C)  Strain  rate.  Ezra  (1958)  has  given  an  approximate  treatment 
of  effects  of  strain  rate  sensitivity  in  Duwez,  Clark,  and  Bohnenblust ’ s 
tests.  We  will  discuss  later  in  more  detail  the  inclusion  of  strain  rate 
sensitivity  in  impact  problems.  It  will  suffice  here  to  say  that  Ezra's 
analysis  introduced  a  corrected  dynamic  plastic  bending  moment  corresponding 
to  estimate  average  strain  rates  at  the  plastic  hinges  at  successive  stages 
of  the  deformation.  The  plastic  hinges  were  assumed  to  be  located  at  the  same 


cross-sections  as  predicted  by  the  solution  for  non-rate  sensitive  rigid- 
plastic  material,  an  ’  ■  *•  ..ins  and  strain  rates  estimated  at  each  hinge  by 
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a '.sunt  inf.  the  length  of  the  plastic  hinge  to  be  equal  to  the  depth  of  the 
beam.  At  each  step,  having  computed  the  strain  rate  the  plastic  hinge 
moment  was  determined  so  as  to  agree  with  the  dynamic  yield  stress  values 
measured  by  Manjoine  (1944)  as  a  function  of  strain  rate.  Using  the  new  value 
of  hinge  moment  the  rotations  and  angular  velocities  across  hinges  were 
recomputed.  The  hinge  moments  were  again  revised,  and  the  cycle  repeated 
until  a  steady  state  was  reached.  It  was  arbitrarily  assumed  that  the  dynamic 
plastic  moments  were  the  same  at  all  hinges.  The  resulting  curve  calculated 
by  Ezra  in  this  way  is  shown  as  curve  (E)  in  Tig.  Ill  2.  Ezra's  calculation 
takes  account  of  the  change  in  velocity  of  the  striker  but  not  of  the  shear 
deformation,  and  thus  his  curve  (E)  should  be  compared  with  curve  (B); 
presumably  the  inclusion  of  shear  deformation  would  result  in  an  additional 
reduction  of  the  final  deformation  angle.  Ezra's  curve  agrees  very  well  with 
test  points  up  to  about  100  ft  per  sec,  but  lies  below  the  test  values  above 
this  velocity.  Apparently  his  method  over-corrects  for  strain  rate  sensitivity 
in  this  range.  However,  it  should  be  remembered  that  the  validity  of 
neglecting  elastic  deformations  in  this  problem  is  questionable,  as  already 
pointed  out,  since  the  amount  of  plastic  work  is  comparable  to  that  of  the 
maximum  elastic  strain  enc-gy.  "strain  rat"  .-'stv  of  the 

mild  steel  tested  by  Manjoinewas  probably  considerably  greater  than  that  of 
the  cold -rolled  steel  of  the  present  tests.  (See  Chapter  I,  Section  5;  some 
tests  have  shown  negligible  strain  rate  sensitivity  for  a  cold-rolled  steel). 

It  is  remarkable  that  curves  (B)  and  (E)  lie  as  close  as  they  do  to  the  test 
points,  but  the  real  interest  of  the  various  curves  in  Fig.  Ill  2  is  in  the 
comparison  between  the  curves  derived  from  rigid-plastic  theory  which  enable 
one  to  estimate  possible  corrections  from  various  sources  to  the  Eohnenblust 
treatment.  There  is  no  doubt  about  the  need  for  such  corrections:  the  striking 
mass  is  finite  and  its  velocity  must  decrease;  the  shear  force  cannot  attain 
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infinite  magnitudes;  and  mild  steel  exhibits  a  considerable  increase  of  yield 
strength  at  the  strain  rates  met  with  in  Duwez,  Clark  and  Bohnenblust 1 s  tests. 
Whether  the  corrections  for  these  physical  effects  obtained  by  considering 
rigid-plastic  behavior  are  quantitatively  applicable  to  the  elastic-plastic 
treatment  is  not  certain;  however  there  seems  no  way  of  modifying  Bohnenblust ' s 
analysis  so  as  to  obtain  them. 

In  beam  impact  experiments  in  which  final  deflections  considerably 
larger  than  the  beam  depth  are  produced,  with  ends  constrained  against  axial 
motion,  account  must  be  taken  of  axial  forces,  as  was  pointed  out.  Experiments 
designed  specifically  to  investigate  this  effect  in  combination  with  rate  sen¬ 
sitivity  have  been  carried  out  by  Nonaka  (1964).  These  confirmed  the  conclusion 
reached  analytically  by  Nonaka  (and  previously  by  Symonds  and  Mentel  (1958)), 
that  membrane  effects  predominate  over  bending,  with  deflections  a  few  multiples 
of  the  beam  depth. 


2.  Parkes's  experiments. 

Parkes 's  ( 1955 )  tests  were  the  first  conducted  on  structures  for  the 
specific  purpose  of  assessing  the  validity  of  a  rigid-plastic  analysis.  These 
tests  were  performed  on  small  cantilever  beams  of  mild  steel  struck  near  the 


tip  by  falling  weights  or  by  rifle  bullets. 


Subsequently  results  of  further 


tests  were  published  (Parkes  1956,  1958)  in  which  beams  clamped  at  both  ends 
were  struck  by  moving  masses,  the  specimens  in  these  tests  being  steel,  brass 
and  duralumin.  The  beam  ends  were  constrained  so  as  to  prevent  rotation  but 
allow  axial  motions  so  as  to  freely  accommodate  the  transverse  deflections. 


The  basic  conditions  of  these  tests  are  as  listed  in  Table  III  2. 


Table  III  2 

Parkes 'sTest  Conditions 
(A)  Cantilever  beam  specimens 

Lengths:  2  in,  4  in,  8  in,  1?  in. 
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Cross -sect ion :  1/4  in  square  (nominal) 

Striker  masses  and  velocities: 

Heavy  1  lb  at  12.7  ft/sec  and  18.0  ft/sec 

strikers  4  lb  at  6.4  ft/sec  and  9.0  ft/sec 

Light  .0043  lb  at  970  ft/sec 

strikers  .0050  lb  at  1580  ft/sec 

Beam  material:  mild  steel 

static  plastic  moment  195  lb-in 


(B)  Fixed-end  beam  specimens 


Lengths : 

L2 

=  2 

in. 

L1 

=  2 

in. 

4  in , 

10  in 

L2 

=  1 

in. 

L1 

=  1 

in. 

2  in, 

5  in . 

Lo 

=  6 

in. 

Li 

=  6 

in. 

Cross-section:  1/4  in  square  (nominal) 
Striker  masses  and  velocities: 


Heavy  4  lb  at  19.4  ft /sec 

strikers  16  lb  at  9.7  ft/sec 

Light  .0050  lb  at  1500  ft/sec 

Strikers 

Beam  materials  and  static  plastic  moments: 

mild  steel  and  brass:  both  228  lb-in; 
duralumin:  256  lb-in. 
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The  main  objective  of  Parkes's  tests  was  to  find  whether  a  rigid 
perfectly  plastic  analysis  assuming  a  constant  plastic  moment  could  accurately 
predict  final  deformations,  the  appropriate  dynamic  value  of  the  plastic 
moment  being  computed  from  estimates  of  average  strain  rates  in  the  tests 
and  published  data  concerning  the  dependence  of  yield  stress  on  strain  rate* 

The  main  conclusion  reached  was  that  such  an  analysis  predicted  shapes  and 
magnitudes  with  good  accuracy  in  the  cases  of  beams  struck  by  large  masses , 
but  gave  poor  predictions  in  the  case  of  low  mass — high  velocity  impact. 

(A)  Cantilever:  The  analysis  for  the  rigid-perfectly  plastic  j 

i 

i 

1 

i 
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cantilever  is  very  simple,  and  follows  directly  from  the  pattern  of  deformation 
discussed  above  for  the  infinite  beam  struck  by  a  mass.  Let  us  assume,  as 
Parkes  did,  that  the  striker'  with  velocity  transverse  to  the  beam  becomes 
instantaneously  attached  to  the  beam  at  t  =  0,  has  mass  G  and  negligible 
centroidal  moment  of  inertia.  Shear  deformations,  strain  rate  sensitivity, 
and  strain  hardening,  will  all  be  neglected,  for  the  present,  although  as 
will  be  seen  some  of  these  may  be  important  in  some  cases.  The  plastic 
moment  is  taken  as  a  constant  property  of  the  section.  Consider  the  cantilever 
beam  case.  Fig.  Ill  5,  There  are  two  phases  of  deformation.  In  the  first 
phase  there  is  a  segment  of  length  z(t)  in  motion  as  a  rigid  body  with 
angular  velocity  w(z)  =  V/z.  Ahead  of  the  deforming  segment  the  beam  is  at 
rest  but  has  constant  bending  moment  -M  and  zero  shear  force.  Plastic 
deformation  at  an  arbitrary  cross-section  at  a  distance  x  from  the  struck 
end  occurs  when  z  -  x,  i.e.  when  the  hinge  point  passes  through  the  section 
at  x.  The  resulting  curvature  is  x(x)  =  w(x)/z(x). 

Let  6(x;z)  denote  the  angle  of  rotation  at  a  typical  cross-section 
at  distance  x  from  the  tip,  when  the  hinge  section  is  at  distance  z  from 
the  tip.  All  distances  may  be  measured  along  the  center  line  of  the 
deflected  beam.  The  rotation  angle  at  the  tip  is  9(0;z)  and  the  relative 
rotation  between  the  tip  and  the  section  at  x  is  6(0;z)  -  e(x;z). 

Under  the  assumptions  stated,  the  work-energy  balance  is  expressed 


y  GV*  =  MDe(0;z)  +  K(z) 


(2.1) 


where  K(z)  is  the  kinetic  energy  of  the  beam  when  the  hinge  is  at  z. 


„  19  1  o 

K(z)  =  ±  Gv  +  mzV~ 
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(2.2) 
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r  or  a  beam  of  lcnrrh  further-  »>At  »t  j  a  ^  j  i  > 
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hinge  section  has  reached  the  base.  From  the  work -energy  balance  in  this 

second  phase  we  have 


Mp0L  =  K(L)  =  |  GV‘  -  Mp6(0,L) 


The  final  angle  of  rotation  at  any  section  is  therefore,  since  6(x,L>  5 


6(0, L)  -  0(0, x) 


6f(x)  =  6 ( x *, L )  t«L  =  ir°--  »(0,x) 
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In  particular, 


(2.3) 


(2.4) 


V°>  *  J0Vo 


(2.5) 


This  result  for  the  final  rotation  angle  at  the  beam  tip  is  valid  for 
deflections  of  arbitrary  magnitude,  for  a  rigid-perfectly  plastic  material. 

Although  the  final  angle  at  the  beam  tip  can  be  obtained  for  these 
conditions  by  energy  considerations  alone,  the  angle  at  a  generic  cross- 
section  can  only  be  found  by  the  use  also  of  equations  of  momentum 
conservation.  To  obtain  a  simple  solution  we  shall  assume  first  that 
deflections  are  small,  and  obtain  the  solution  (derived  somewhat  differently) 
by  Farkes  (1955).  Tor  small  deflections,  conservation  of  linear  and 
angular  momentum  leads  to  the  equations  for  the  first  phase: 


GVq  =  GV  +  L  m2v 


1  2 

r  mz  V  :  M  t 
6  P 


(2.6) 


(2.7) 


The  tip  velocity  ,  and  hi„*e  position  z  are  dtt5n,ined  by  ^ 


equations 
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(2.8a) 


2  6M  t 


(2.8b) 


The  first  phase  ends  at  t  -  when  z  =  L,  and  by  Equations  (2.2)  and  (2.6) 
the  Kinetic  energy  at  this  instant  is 


M 

e, 

GV2 

1  +  S 

_J 

)  L 

ft  s  6  s  _ 

3 

1 

...2* 

Bf  B2  2M 

(1  +  P): 

2 

1  o 
> 

ID 

P 

(2.10) 


where  is  the  plastic  work  done  in  the  second  phase  divided  by  the  initial 
kinetic  energy  and  8  =  mL/2G.  In  the  first  phase  the  plastic  work  ratio 
s  1  -  Ej,  If  the  tip  mass  is  much  larger  than  the  beam  mass  most  of  the 
plastic  work  is  done  in  the  second  phase,  i.e.  in  the  base  hinge  rotation. 

For  example  if  G  >  3mL,  more  than  80  percent  of  the  initial  energy  goes  into 
the  base  hinge  rotation. 

In  the  first  phase  the  curvature  may  be  determined  as  ic  =  w/z  = 
d6(0;z)/dz,  using  Equations  (2.1;  and  (2.2;.  An  element  at  any  fixed  section 
x  acquires  its  curvature  instantaneously  when  the  plastic  hinge  reached  it, 
z  =  x;  and  this  curvature  then  remains  constant.  The  result  is 


x(x) 


mV2 

_ o  1 

6M  mx,3 


{2. 11) 


The  displacement  at  any  instant  in  the  first  phase  can  be  derived  by  virtual 
work  (or  otherwise )  as 

•z 

y(xjz)  =  c(s)  (s-x)ds  (2.12) 

■  x 

In  particular ,  when  z  *  L  the  displacement  can  be  written  as 
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y(x;L)  = 


6(1-0  . 
(lt-6)2 


3t  -  2 
1+6 


1  +  BE  S' 


log 


1  + 


1  + 


"ST 


(2.13) 


where 


8  = 


mL 
2G  ’ 


t 


x 

L 


The  total  deflection  is  obtained  by  adding  to  y(x,L)  the  displacement 
acquired  in  the  second  phase.  Since  this  phase  consists  of  a  rotation  8^, 
the  complete  deflection  is 

y(x )  =  y(xjL)  +  (L  -  x)8l  (2.14) 

where  y(x;L)  is  given  by  Equation  (2.13)  and  0^  by  Equation  (2.10).  Tor 
6+0  (large  tip  mass)  the  contribution  from  y(xjL)  vanishes  as  6,  and  the 
linear  deflection  (L  -  x)@L  predominates. 

(B)  Discussion:  Table  III  3  gives  a  summary  of  Parkes'  test 
results  with  cantilever  beams  (Parkes (1955)  and  of  results  obtained  from 
the  rigid-plastic  theory  summarized  above.  The  deformation  measured  and 
used  for  comparison  was  the  angle  of  rotation  at  the  base  of  the  beam.  In 
all  cf  the  tests  there  was  a  plastic  hinge  region  at  the  base,  comprising 
a  localized  plastic  deformation  extending  a  distance  of  the  order  of  one 
inch  (four  times  the  depth)  from  the  base.  Beyond  the  hinge  region  the  spec¬ 
imens  had  a  fairly  straight  segment,  and  the  rotation  angle  was  presumably 
measured  just  outside  the  hinge.  The  tests  with  ,fheavy"  strikers  (specimens 
C.1-C.16  in  Table  III  3)  resulted  in  specimens  that  were  essentially  straight 
except  for  the  hinge  region  at  the  base.  The  teats  with  "light"  strikers 
(specimens  C.17-C.24)  were  strongly  curved  near  the  tip  of  the  beam. 

The  experimental  values  of  the  rotation  angle  near  the  base 
are  shown  in  Table  III  3,  column  (13).  These  are  divided  by  the  angle 
predicted  by  the  simple  rigid-plastic  theory  to  obtain  the  ratios  listed  in 
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column  (14)  and  plotted  in  Tig.  Ill  6(a)  for  "heavy”  strikers  and  rig-  1*1 
6(b)  for  "light"  strikers.  It  is  seen  that  for  both  sets  of  tests  the  ratio 
is  substantially  below  unity.  The  disagreement  between  experiment  and  theory 
ranges  from  about  thirty  to  fifty  percent. 

To  explain  the  disagreement,  Parkes  suggested  that  the  strain  rate 
sensitivity  of  the  material  must  be  considered,  and  made  a  semi-empirical 
correction  of  the  plastic  moment  taking  into  account  the  dependence  of  the 
yield  stress  of  mild  steel  on  the  rate  of  plastic  straining,  Ne  will  present 
and  discuss  this  correction  shortly.  Before  doing  so  we  raise  the  question 
of  strain  hardening,  which  has  also  been  ignored  in  the  theory.  Strains  at 
the  base  of  the  cantilevers  were  in  the  range  of  approximately  1.5  percent  to 
about  4  percent.  (Measurements  of  strains  are  not  cited  in  the  paper,  but 
they  can  be  roughly  estimated  from  the  rotation  angle  and  the  observed  length 
of  the  plastic  region.)  These  are  strain  magnitudes  in  the  region  of 
appreciable  strain  hardening  of  steel.  One  may  naturally  ask:  why  not 
attribute  the  discrepancy  between  experiment  and  theory  to  the  neglect  of 
strain  hardening? 

An  indication  that  strain  hardening  is  not  the  source  of  the 
discrepancy  is  given  by  the  plot  of  Fig.  Ill  8.  These  are  the  results  from 
the  tests  C.1-C.16  using  heavy  strikers  summarized  in  Table  III  4,  In 
these  tasts,  for  each  b*»am  length  and  striker  weight,  two  velocities  were 
used.  Thus  for  each  value  of  6  there  are  two  test  results.  In  Fig.  Ill  8 

the  pair  of  points  corresponding  to  each  6  arc  joined  by  a  line.  The 

ordinate  is  the  rotation  angle  observed  in  the  tests.  Now  since  strain 

hardening  is  neglected  in  the  analysis,  the  error  due  to  this  neglect 
should  depend  on  the  amount  of  the  straining.  If  the  error  is  important 
it  shoull  show  up  in  the  comparison  of  teat  and  theoretical  results.  In 
a  plot  against  angle  of  deformation  (or  strain)  as  in  Fig.  Ill  8,  the 


<? f f £ c ti  or  strain  hardaning  should  cause  the  disagreement  between  test  avid 

theory  to  be  greatest  at  tne  larger  deformations.  Thus  the  ratio  0  /0 

exp  i* 

should  decrease  as  6  increases.  The  opposite  effect  is  observed  in  Fig.  Ill 
8;  the  lines  joining  the  pairs  of  points  with  common  slant  up,  rather  than 
down.  This  provides  a  strong  indication  that  strain  hardening  is  not 
playing  a  major  role  in  the  discrepancy. 

The  better  agreement  of  test  results  with  elementary  theory  at 
the  larger  strain  magnitudes  presumably  is  an  indication  that  the  neg.'ect  of 
elastic  deformations  is  more  satisfactory,  i.e.  that  the  rigid-plastic 
analysis  is  more  suitable  at  the  higher  velocities  than  at  the  lower  ones. 


The  energy  ratios 


2 

,  o  M  b 

■»4gv  / 


are  doubled  in  the  tests  at  the  larger  sti'ain  and  velocity  magnitudes.  The 
actual  values  are  listed  on  Table  III  4.  The  "improvement"  due  to  doubling 
R  seems  to  depend  upon  R  in  the  way  that  would  be  expected  if  the  importance 
of  elastic  vibrations  is  being  diminished;  if  R  is  smaller  than  4  the 
improvement  is  10  to  20  percent,  while  if  K  is  9,  the  improvement  is  less 
than  experimental  error.  This  provides  some  indication  of  the  minimum 
value  of  R  desirable  for  a  rigid-plastic  analysis:  in  this  example  it 
appears  to  be  roughly  R  >_  6,  but  this  is  clearly  speculative,  because 
effects  other  than  elastic  deformations  may  be  playing  a  part. 

Tbe  plastic  behavior  of  mild  steel  is  known  to  be  sensitive  to 
rate  of  straining,  the  yield  stress  being  particularly  dependent  on  strain 
rate.  Parkes  made  use  o'  the  data  on  this  dep»nHp-,ce  published  by 
Manjoine  (1944)  to  determine  a  correct ion  factor  applicable  to  his  test 
results.  He  aimed  at  obtaining  a  strain  rate  correction  that  would 
explain  his  experimental  results  as  simply  as  possible,  rather  than  at 
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obtaining  a  general  analysis  with  account  taken  of  rate  dependence.  Accordingly 
his  treatment  makes  drastic  assumptions  and  makes  use  of  results  obtained  in 
his  tests.  It  leads  to  a  remarkable  degree  of  agreement  between  test  results 


and  corrected  theoretical  values. 


Parkes  used  his  rigid-plastic  analysis  to  determine  the  wean  angular 
velocity  at  the  base  of  the  cantilever.  This  is  G^/t^*  where  tf2  the  ^me 
of  the  second  phase  (rigid  body  rotation)  and  9^  is  the  rotation  at  the  base, 
and  the  result  is 


1  *  3  £  /G\_ 

(1  +  8)^  Mp 


GV  L  1  +  4-6 

O  J 


1+6 


(2.15) 


The  rigid-plastic  theory  does  not  furnish  strain  or  strain  rate  magnitudes,  since 
it  deals  with  point  hinges  and  instantaneous  strain  changes.  Parkes  therefore 
used  the  observation  that  "in  all  tests  the  hinge  length  was  of  the  order  of 
1  in.".  He  thus  computed  the  average  curvature  rate  and  extreme  fibre  strain 


rate,  respectively,  as 


V  d 
o 


4hL( 1+6  j 


(2.16) 


and  took  h  as  1  in.  in  all  cases.  The  average  strain  rates  in  the  outer  beam 
fibres  according  to  the  formula  (2.16)  are  shown  in  Table  III  3,  column  9,  for 
the  data  of  Parkes'  tests,  Parkes  then  determined  "dynamic  plastic  moment" 
magnitudes  corresponding  to  these  strain  rate  values.  The  data  used  for  this 
purpose,  as  already  stated,  was  that  of  Manjoine  (19uu).  (This  data  and  comparable 
results  of  other  experimenters  has  been  mentioned  in  Chapter  I;  see  Fig,  16). 
Curves  showing  Manjoine's  results  for  mild  steel  as  a  function  of  strain  rate  in 
tensile  impact  are  shown  in  Fig.  Ill  14.  The  ratio  a/c^  is  plotted  in  Fig.  Ill  14, 
where  oq,  the  static  yield  stress,  is  taken  as  the  value  of  yield  stress  in 
Manjoine's  curve  at  a  strain  rate  of  approximately  id-4  sec"1,  and  is  equal  to 
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about  30,000  psi.  The  dynamic  plastic  moment  M  is  obtained  from  the  dynamic 
yield  stress  by  an  elementary  calculation,  assuming  the  compressive  and  tensile 
behavior  to  be  identical,  and  that  plane  sections  remain  plane.  The  resulting 
curve  for  M/M^  obtained  in  this  way  by  Parkes  is  shown  in  fig.  Ill  19.  Taking 
the  appropriate  strain  rata  to  be  the  average  extreme-fibre  strain  rates  as 
listed  in  column  9  Df  Table  III  3,  the  dynamic  plastic  moment  ratios  are  found 
to  have  the  values  listed  in  column  10  of  that  Table. 

Figures  III  6  and  III  7  show  the  comparison  between  Parkeo'  test 
results  and  those  of  the  rigid-plastic  theory.  The  pair  of  graphs  of  Fig.  Ill 
6  show  the  angle  of  rotation  near  the  base  divided  by  that  computed  from  the 
simple  rigid-plastic  theory,  Equation  (2.1  ■),  with  the  plastic  moment  M^  correspond¬ 
ing  to  static  conditions.  The  pair  of  graphs  of  Fig.  Ill  7  show  the  same  ratio 
of  experimental  to  calculated  angle,  but  replacing  the  static  plastic  moment  by 
the  estimated  dynamic  value.  This  amounts  to  multiplying  the  values  plotted  in 

the  upper  curves  (column  14  of  Table  III  3)  by  the  ratio  M/M  of  column  10,  to 

P 

obtain  the  ratios  listed  in  column  15. 

The  agreement  between  test  results  and  rigid-plastic  theoretical  ones 
is  clearly  much  better  in  the  pair  of  graphs  of  Fig.  Ill  7  especially  for  the 
heavy  strikers.  For  these  the  correction  factor  (1.5  to  1.8)  on  the  static  plastic 
moment  is  such  that  the  plotted  ratios  cluster  reasonably  well  about  the  line 
drawn  at  the  value  unity  for  the  light  strikers;  the  agreement  is  not  quite  so 
good,  the  strain  correction  being  somewhat  too  large,  so  that  the  plotted  ratios 
cluster  around  a  line  drawn  at  about  1.15  on  the  ordinate  scale.  However  the 
agreement  is  certainly  better  than  that  obtained  using  the  uncorrected  static 
plastic  moment.  Parkes  noted  that  agreement  was  poor  with  respect  to  the 
deformation  near  the  struck  point.  The  test  specimens  had  a  rather  different 
shape  near  the  struck  point  than  that  predicted,  and  the  zone  of  appreciable 
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curvature  extended  farther  from  the  tip.  However  Parkes  concluded  that  the 


comparison  between  measured  and  predicted  angles  near  the  root  of  the  beam 
showed  that  a  rigid-perfectly  plastic  analysis  can  give  satisfactory  predictions 
of  deformations  away  from  the  point  of  impact,  "provided  due  allowance  is  made 
for  rate  of  strain  effects".  In  making  the  correction  for  the  dynamic  plastic 
moment  a  result  from  the  experiments  was  used,  but  Parkes  indicated  his  belief 
that  "a  sufficiently  accurate  estimate  of  rate  of  strain  could  be  made  without 
much  difficulty",  which  would  suffice  for  practical  purposes  because  of  the 
insensitivity  of  the  deformations  to  changes  in  the  rate  of  strain. 

It  should  be  mentioned  here  that  the  computed  results  shown  in 
Table  III  3  and  Figs.  Ill  6  and  III  7  were  obtained  by  independent  calculations 
from  the  data  in  Parkes'  paper  and  that  of  Hanjoine.  Comparisons  in  these  forms 
were  not  made  in  Parkes'  paper  which  gives  curves  showing  the  theoretically 
predicted  angle  (after  making  the  correction  for  strain  rate  influence)  as 
function  of  1/L.  In  the  present  compa-'isons  we  have  used  the  general  formula 
Equation  (2.10)  whereas  Parkes  used  the  following  formula  derived  from  (2.10) 
as  the  limiting  case  for  very  large  6: 


2 

2G  V 

9  -  _ o 

L  '  3mL 


(2.17) 


This  gives  a  value  of  6^  about  fourteen  percent  too  large,  as  compared  with 
the  result  from  the  general  formula  (2.10)  for  the  shortest  beams  hit  by  light 
strikers,  and  accounts  for  some  of  the  difference  in  appearance  of  the  comparisons 
shown  in  Figs.  Ill  6  and  III  7  and  in  Parkes'  paper.  Appreciable  differences 
in  the  strain  rate  were  found  in  some  cases ,  but  these  led  to  insignificant 
differences  in  the  dynamic  plastic  moment  ratio. 

It  should  also  be  stated  here  that  subsequent  tests  by  Bodner  and 


Symonds  (1962)  indicate  that  Parkes'  method  of  intro lucing  the  strain  rate 
correction  is  satisfactory  for  heavy  strikers,  but  leads  to  gross  errors  when 


I 

! 
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applied  to  strikers  of  moderate  or  small  weight  compared  to  the  specimen  weight . 
This  conclusion  was  reached  as  a  result  of  tests  using  the  same  basic  beam-mass 
model,  but  performed  in  such  a  way  that  the  conditions  of  the  analytical  model 
were  approached  more  closely  than  in  Parkes'  experiments  using  lead  bullecs  fired 
against  the  specimen  tip.  Before  describing  these  tests  and  a  theoretical  treat¬ 
ment  incorporating  strain  rate  tependence  of  the  plastic  moment,  we  first 
complete  our  summary  of  Parker.'  tests. 


(C)  Fixed-ended  Beam 

Farkes'  analysis  and  tests  with  fixed-ended  beams  were  described  in 
two  subsequent  papers:  the  first  reporting  tests  on  steel  beams  (Parkes,  1956), 
and  the  second  reporting  tests  on  beams  of  duralumin  and  brass  (Parkes,  1958). 

The  elementary  rigid-plastic  analysis  (consideration  of  bending 
without  strain  hardening  or  rate  sensitivity)  can  be  carried  through  almost  as 
easily  as  for  the  cantilever  beam.  The  diagrams  of  Fig.  Ill  3  apply  in  the  first 
phase,  when  there  are  two  hinge  points  H  and  H'  moving  out  from  the  struck  point 
0  as  shown  in  Fig  III  9.  Regions  ahead  of  the  hinge  point  are  at  the  limit 
moment  M^.  As  indicated  in  Fig.  Ill  9,  the  second  phase  involves  one  traveling 
hinge  H'  and  a  fixed  hinge  at  end  B.  The  third  phase  involves  fixed  hinges  at 
A  and  5.  In  the  first  two  phases  the  motion  is  defined  by  two  kiriefnafic 
quantities,  for  example  the  length  z  and  the  angular  velocity  w  of  the  segment 
OH'.  Thus  the  motion  in  these  phases  can  be  obtained  from  equations  of  conservation 
of  linear  and  angular  momentum,  with  appropriate  continuity  equations.  The 
third  phase  has  one  degree  of  freedom  and  the  additional  displacements  are  easily 
found  either  by  angular  momentum  or  work-energy  equations.  The  momentum 
equations  will  be  emitted.  Solving  them,  the  velocity  V  of  the  striking  mass  and 
hinge  position  are  given  in  implicit  form  by  the  following  equations: 
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First  phase 


(V  -  VT  12M  mt 

_2 _  =  _ E _ 

v  .2 


( 2 . 18a ) 


12M  t 


G+mz  GV 


(2.18b) 


Second  phase 


V(G  +  4mL0  ♦  imz  +  i-T-  z2)  =  GV 

3  2  2  b  Lj  O 


(2.19a) 


mz  V  =  12M  t 

P 


(2.19b) 


Third  phase 


V  =  V - - E -  t 

2  G  +  |mL1  +  imL2  L1  L2 


(2.20) 


where  \'2  is  the  velocity  at  the  struck  point  at  the  end  of  the  second  phase. 
From  Equation  (2.19a),  putting  z  =  L^,  we  obtain 


mL  mL1  mL. 

V2(a  t  3G~  *  2G~  +  6L^G5  =  Vo 


(2.21) 


The  integration  to  obtain  final  displacements  is  elementary,  but  in  the  case  of 
the  second  phase  quite  lengthy.  Complete  formulas  are  given  in  Parkes'  1958 
paper.  The  final  displacement  y^  at  the  struck  point  is  given  by  the  following 
formula : 
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2M 


v 

2,  yf 


gv;l2 


12  [7J7^  +  I ln(1+0)  "  '^p] 


(1+6) 


K3  [$  +  sin  2$  +  i  sin  4f  +  (~  -  3K)  cos  % 


♦=tan  ^K(3+2r) 


$=tan  ^5K 


r(l  +  |  6  +  j  Sr) 


2(l+r)tl  +  +  iflr  +  |*r2]2 


(2.22) 


where 


2  _  6/24 
*  1  -  6/24 


The  three  terras  correspond  in  order  to  the  contributions  of  the  three  phases. 

Parkes  conducted  experiments  on  beams  of  mild  steel,  duralumin,  and 
brass,  using  square  specimens  of  nominal  dimensions  1/4  in.  by  1/4  in.  In 
the  tests  the  length  was  held  constant  at  L 2  =  1.0  in.  or  2.0  in.,  and 
given  values  =  L 2,  2L.J,  and  5Lj.  Two  series  were  carried  out,  using 
heavy  strikers  and  small  velocities  in  one,  and  relatively  very  light  strikers 
(bullets)  at  high  velocities  in  the  other.  The  experiments  using  bullets 
produced  highly  localized  deformation  near  the  point  or  striking,  while  those 
using  heavy  weights  resulted  in  deformed  shapes  very  closely  linear  between 
the  struck  point  and  the  supports. 

The  experiments  with  lead  bullets  as  strikers  appear  to  correspond 
poorly  to  the  theoretical  model  of  a  team  with  attached  mass.  The  bullet 
sprays  out  and  exerts  a  force  rather  like  that  of  a  jet  of  fluid,  with  a 
duration  of  the  order  of  0.2/12  x  1500  •  10”5  sec.  for  a  lead  bullet  of 
0.005  lb.  weight  and  1500  ft/sec.  velocity.  The  theoretical  rigid-plastic 
model  predicts  a  deformation  time  (considering  only  the  first  phase)  of  about 
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_3 

10  '  sec.  Clearly  the  experimental  situation  has  little  to  do  with  the 
problem  treated  theoretically,  of  a  rigid  mass  striking  and  sticking  to  a 
beam.  Although  the  impulse  is  equal  to  the  momentum  of  the  striking  bullet, 
the  "attached  mass"  is  essentially  the  mass  of  the  segment  of  beam  struck 
by  the  bullet.  Because  of  these  difficulties  no  further  discussion  will  be 
given  of  the  experin.vnts  with  bullet  strikers. 

The  same  difficulties  pertain  to  Parkes’s  experiments  with 
cantilevers,  already  described.  For  these  we  have  outlined  the  test  results 
and  shown  Parkes’s  strain-rate  correction  (Figs.  Ill  6,  7).  We  have  noted, 
however,  that  Parkes’s  results  and  conclusions  for  specimens  with  small  tip 
mass  (large  6)  differ  importantly  from  those  of  Bodner  and  Symonds.  The 
reasons  for  these  differences  will  appear  when  the  latter  tests  are 
discussed  in  detail. 

Parkes's  solution  (2.22)  is  cumbersome  to  work  with,  but 
fortunately  a  much  simpler  form  of  solution  is  available,  which  has 
satisfactory  accuracy  in  the  range  concerned  in  the  tests  using  heavy 
strikers.  This  is  an  approximate  solution,  but  in  view  of  the  approx¬ 
imations  in  any  rigid-plastic  analysis  the  further  degree  of  approximation 
is  acceptable  in  many  cases.  The  simpler  solution  is  obtained  by  assuming 
that  the  entire  deformation  occurs  in  a  single  mode  of  deformation.  Such 
an  approach  is  suggested  by  the  fact  that  in  the  final  deformed  shape  the 
beam  segments  between  the  ends  and  the  struck  point  are  essentially  straight. 

A  "mode  approximation"  solution  is  obtained  by  assuming  that  all  motion  occurs 
in  a  deformation  having  this  shape,  as  indicated  in  Fig.  Ill  10,  so  that 
motion  with  one  degree  of  freedom  is  considered  and  a  single  quantity  such  as 
the  deflection  y*  of  the  struck  point  of  the  angle  of  rotation  0*  defines  the 
motion.  The  equation  of  motion  in  this  pattern  can  be  found,  for  example 
by  virtual  work,  taking  the  external  forces  as  zero  in  the  present  problem  of 
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impulsive  loading: 


-V*(G  +  4  =  2M^(f"  +  T_) 

3  P  ^  I<2 


(2.23) 


where  V*  =  y*  is  the  velocity  of  the  mass  at  any  time  t,  in  the  assumed 
mode  shape  with  plastic  hinges  at  the  two  ends  and  at  the  struck  point.  The 
above  is  readily  integrated  to  obtain  the  velocity  and  displacement  at  any 
time,  assuming  the  initial  displacement  is  zero  and  the  initial  velocity  V* 
in  the  assumed  mode  shape  is  known.  To  find  V*,  suppose  that  in  a  small 
initial  period  t  there  are  surface  pressures  p(x)  per  unit  length  applied  to 
the  beam  and  a  force  P  applied  to  the  mass  G.  These  are  taken  to  correspond 
to  the  actual  initial  velocities,  specified  in  the  problem: 


lim 

T-*0 


pdt  =  mv^fx); 


lim 


Pdt  =  GV 


(2.24) 


The  integral  of  (2.23)  in  the  interval  0  <  t  t  is 
t  t  L,  t 


mL. 

+  ■=-) 

V*dt  + 

Pdt  + 

r  1 

x,  dx. 

3 

0 

O 

f 

h- 

1  1 

0 

rL2 


x„dx„ 
2  2 


p(x^)dt 


p(x,)dt  =  2M  (i—  +  j-)X 
2  p  L  L 


(2.25) 


Hence,  setting  t  =  t  and  considering  t  very  small,  we  have  after  using 
Equation  (2.24),  and  taking  the  initial  velocity  v^(x)  =  0  in  the  present 
problem,  we  obtain 


GV 

V*  =  _ 2. 

o 


(2.26) 


G  +  mL 


It  may  be  noted  in  passing  that  the  procedure  used  above  may  be 
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derived  from  a  different  viewpoint,  according  to  which  for  any  chosen  mode 
shape  the  "best"  initial  velocity  is  that  which  minimizes  the  kinetic  energy 
of  the  structure  corresponding  to  the  difference  in  velocity  between  the 
assumed  mode  shape  and  the  actual  prescribed  '.nitial  velocity.  The  general 
philosophy  of  "mode  solution"  approximations  has  been  discussed  with  several  ex¬ 
amples  by  Martin  and  Symonds  (1966).  In  general  it  gives  excellent  results  by 
comparison  with  complete  rigid-plastic  solutions  for  problems  in  which  one 
pattern  of  deformations  predominates,  but  even  when  this  is  not  the  case  it 
may  give  results  of  practical  value.  Moreover  it  lends  itself  to  including 
effects  of  strain  rate  sensitivity  and  work  hardening  (Symonds,  1965).  The 
main  advantage  is  the  simplicity  of  method  and  calculations,  as  compared 
either  with  the  elementary  rigid-plastic  theory,  or  with  one  taking  account  of 
strain  rate,  strain  hardening,  or  other  complicating  effects. 

Using  the  result  (2.26)  for  the  initial  velocity,  the  solution  of 
the  present  problem  is  immediately  obtained  by  integration  as  follows; 


V*  = 


2MpLt 


1  +  i  glil2(1  + 


uv  L,L 


= 


1  2 


2M  _ -  *  ~  ttiL  v 
p  2L<1  ♦ 


GV  L,  L 

t*  =  £  1  2 

f  2M  L 


(2.27a) 


(2.27b) 


(2.27c) 


To  illustrate  the  accuracy  possible  from  the  simple  solution,  we  give 
below  the  results  for  the  final  displacement  y*  from  (2.27b)  and  those  from 
Parkes*  solution  (2.22)  for  two  cases  used  in  Parkes'  tests.  The  following 
data  relate  to  tests  on  mild  steel  beams  with  heavy  strikers: 
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Parkes ' s 

solution 

Mode  Approx.  y£ 

Pquat ion 

(2.22) 

Equation  (2.27 0) 

- - - - - 

rirst 

Second 

Third 

Total 

phase 

phase 

phase 

gG  =  16  lb 

0.00039 

V  =9,7  ft/sec 

0 

0.0090 

0.405 

0.414 

0.408 

gG  =  4  lb 

0,00156 

0.342 

0.374 

0.408 

0.405 

V  =  19.4  ft/sec 

0 

The  curves  plotted  in  Tig.  Ill  ll(a-d)  are  from  calculations  using 
Equation  (2.27b).  Parkes  did  not  give  results  computed  from  his  rigid-plastic 
solution  before  applying  his  correction  for  strain  rate  sensitivity,  but 
judging  from  the  example  above,  the  curves  derived  from  the  mode  approximation 
solution  are  very  close  to  those  from  the  full  solution, 

(D)  Discussion:  Table  III  5  summarizes  the  test  and  analytical 
results.  In  Fig.  Ill  11  (a)-(d),  the  test  results  and  calculated  deflections 
from  Equations (2. 27) are  shown  graphically  in  dimensional  form.  The  deflection 
at  the  struck  point  is  plotted  as  a  function  of  the  ratio  r  '  L,/LOI  the 
length  L2  being  constant  in  each  test  series  at  either  1  in.  or  2  in.  The 
deflection  according  to  the  elementary  rigid-plastic  theory  exceeds  the  measured 
deflection  by  a  factor  of  approximately  1.8  in  the  case  of  mild  steel,  of 
approximately  1.3  in  the  case  of  brass,  and  of  about  1,25  in  that  of  duralumin. 
Fig.  Ill  12  shows  plots  of  the  ratio  of  the  test  deflections  to  those  of  the 
simple  theory,  the  over-estimates  of  the  theory  being  indicated  by  the  fact  that 
the  ratios  of  experimental  to  predicted  values  lie  in  the  ranges  0.44  to  0.62  for 
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steel,  0.75  to  0.71  for  brass,  and  0.82  to  0.77  for  duralumin. 

The  discrepancies  between  theory  and  experiment  shown  in  Figs.  Ill  11 
and  III  12  were  attributed  by  Parkes  to  strain  rate  sensitivity,  as  in  the 
cantilever  beam  tests  of  mild  steel  already  discussed.  It  is  not  possible  to 
examine  these  data  as  done  in  Fig.  Ill  8  for  the  cantilever  tests,  to  indicate 
for  or  against  strain  hardening  as  an  alternative  explanation  of  the  discrepancies. 
The  tests  on  fixed-ended  beams  were  not  performed  in  pairs  as  was  done  for  the 
cantilever  beam  tests,  with  change  of  only  the  striking  velocity  and  hence  of 
the  deformation  magnitude. 

The  tests  on  mild  steel  beams  (unfortunately  not  those  on  brass  and 

duralumin  specimens)  were,  however,  made  in  pairs,  such  that  in  each  pair  of 

1  2 

tests  the  incident  energy  j  GV0  was  constant.  The  velocity  was  changed  from 
9.7  ft/sec  to  19.4  ft/sec  and  the  striking  mass  from  16  lb  to  4  lb  in  each 
pair.  The  results  for  the  ratio  of  measured  test  deflection  to  that  calculated 
from  elementary  theory  are  shown  in  Fig.  Ill  13,  plotting  against  test  velocity 
V  .  In  the  figure  the  relevant  values  of  the  energy  ratio  R  are  given,  R  being 
the  ratio  of  incident  energy  to  the  maximum  elastic  strain  energy 


energy  ratio  R  is  increased,  so  that  when  R  is  about  10  there  is  a  rather  strong 
dependence  on  velocity,  while  at  R  =  57  the  change  with  velocity  is  negligible. 
There  is  also  a  quite  consistent  decrease  of  (yf>eXp/yf  as  ^  increases.  Both 
these  apparent  dependences  on  R  are  coincidental;  as  R  increases  so  does  the  strain 
rate,  which  seems  to  play  the  leading  role.  This  will  next  be  examined. 

Parkes  attributed  the  discrepancy  between  test  deflections  and 
elementary  rigid-plastic  theory  wholly  to  the  increases  of  yield  stress  with  strain 
rate,  just  as  in  the  cantilever  beam  tests  on  mild  steel.  He  showed  that 
remarkable  agreement  between  measured  and  calculated  deflection  could  again 
be  achieved  by  the  simple  correction  method  already  described  for  his  cantilever 
beam  tests,  i.e.  by  replacing  the  static  plastic  moment  by  a  dynamic  value 
M,  the  ratio  M/M^  as  a  function  of  strain  rate  being  derived  from  test  results 
for  the  ratio  a/o^  of  dynamic  yield  stress  to  static  yield  stress  as  a  function 
of  strain  rate.  The  dynamic  tension  test  results  for  mild  steel,  already  cited, 
of  Manjoine  (1943)  were  used  for  the  present  mild  steel  tests  (see  Fig.  Ill  14). 

No  data  exist  for  duralumin  and  brass  as  complete  as  a  Manjoine's  for  steel. 

Parkes  constructed  a  curve  for  duralumin  from  test  data  of  Klinger  (1950)  for 
the  range  of  strain  rate  0.01  to  1  sec  *,  of  Evans  (1942)  for  the  range  .01  to 
10  sec  x,  and  of  Vfhiffin  (1948  )  for  a  strain  rate  of  about  15,000  sec  ,  The 
curve  shown  in  Figure  III  15  is  the  one  given  by  Parkes  for  the  dynamic  bending 
moment  ratio  of  duralumin.  For  brass  there  is  even  less  information,  but  Parkes 
nevertheless  drew  the  curve  shown  in  Figure  III  15,  which  is  based  on  results  of 
Jones  and  Moore  (1940)  for  the  strain  rate  range  0.1  to  10  sec-*,  which  "suggest 
that  the  strain  rate  sensitivity  of  brass  is  about  half  that  of  steel." 

The  curves  of  Fig.  Ill  15  are  essentially  guesswork.  Moreover,  their 
applicability  to  the  analysis  of  Parkes'  data  is  obviously  questionable;  the 
variability  of  strain  rate  sensitivity  with  constitution  and  condition  of  the  metal 
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is  well  known  (see  Chapter  I).  Nevertheless ,  the  use  of  such  curves  to  estimate 
the  correction  due  to  strain  rate  sensitivity  is  of  interest,  if  only  to  show  the 
order  of  magnitude  of  strain  rate  sensitivity  required  to  account  for  the  discrepancy 
between  test  results  and  elementary  theory. 

As  for  the  cantilever  tests,  Parke:.'  strain  rate  correction  for  the 
fixed-ended  beams  was  made  by  estimating  the  strain  rate  in  each  test,  and  obtain¬ 
ing  the  ratio  of  dynamic  to  static  plastic  moment  from  the  appropriate  curve  of 
Figures  111  1**,  III  15.  In  order  to  estimate  strain  rate  from  velocities,,  the 
average  hinge  length  wan  assumed  known.  This  was  stated  as  "about  ~  in.  in  all 
teats".  Since  the  beam  depth  h  was  —  in.  in  all  tests,  the  ratio  z/h  of  average 
hinge  length  to  beam  depth  was  thus  taken  as  2.  Strain  rates  may  be  estimated 
from  the  pattern  of  velocities  it  the  mechanism  of  Figure  III  10  as  follows. 

Consider  the  angular  velocity  across  the  hinge  at  the  struck  point  to  be 
The  rate  of  curvature  here  is  (w^  +  o>2)/z,  and  the  rate  of  strain  is  0(01^  +  <n^)/2z. 
The  average  rate  of  strain  during  the  deformation  can  be  estimated  as  half  the 
initial  value.  By  writing  os  =  V  /L  ,  at  »  V  /L  ,  the  result  obtained  for  the 
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This  is  taken  as  an  adequate  estimate  of  the  average  strain  rate  in  all  three 
hinges.  (It  is  the  exact  formula  for  the  mean  strain  rate  in  the  three  hinges 
if  the  hinge  lengths  at  the  end  sections  are  both  assumed  to  be  z/2.)  The  strain 
rates  listed  in  Column  11  in  Table  III  5  are  those  computed  by  the  above  Column  12 
of  the  same  table  were  obtained  by  use  of  the  curves  in  Figures  III  14  and  III  15. 

The  strain-rate  corrected  deflection,  and  ratio  of  deflection  measured 
in  the  tests  to  the  corrected  magnitude  are  shown  in  Columns  13  and  14  of  Table 
III  5.  The  corrected  deflection  curves  as  function  of  the  length  ratio  L^/Lj  are 
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plotted  as  dashed  lines  in  Figs.  Ill  11  (a)-(d).  The  ratio  of  test  deflection 
to  the  strain-rate  corrected  rigid-plastic  deflection  is  shown  in  Fig.  Ill  16, 

Agreement  is  seen  to  be  very  good.  Considering  the  uncertainty  of 
information  about  the  strain  rate  sensitivity  of  the  materials--brass  and  duralumin, 
in  particular — the  agreement  is  remarkable.  Whether  or  not  the  agreement  is 
significant  is  much  less  clear. 

The  good  agreement  in  any  such  comparison  could  obviously  be  accidental. 
The  elementary  rigid-plastic  solution  (without  rate  effect)  could  be  badly  in 
error,  and  the  strain  rate  correction--obviously  approximate  in  any  case--might 
also  be  erroneous,  but  by  accident  happen  to  just  balance  the  other  errors. 

The  possibility  that  the  elementary  rigid-plastic  solution  is  grossly 
in  eiTor  is  hardly  negligible.  This  analysis  omits  at  least  four  physical 
phenomena  which  tend  to  reduce  the  deflection,  i.e.  lead  to  an  over-estimate 
such  as  shown  in  Figs,  III  11  and  III  12,  These  are:  elastic  vibrations; 
work  hardening;  strengthening  due  to  axial  constraints;  and  load  reduction  due 
to  the  finite  size  of  the  striking  mass.  It  is  entirely  possible  that  these 
effects  cogether  would  lead  to  a  reduction  in  deflection  of  the  observed 
magnitude,  and  that  the  attribution  of  the  discrepancy  wholly  to  strain  rate 
effects  is  quite  incorrect. 

Of  the  four  effects  listed,  probably  the  most  important  in  the  tests 
on  built-in  beams  is  the  effect  of  axial  constraints.  Work  hardening  might  be 
important  for  steel,  but  not  for  the  brass  and  duralumin  beams;  for  the  tests  on 
these  materials  the  plastic  bending  moment  was  chosen  as  the  ultimate  moment , 
rather  than  that  computed  from  the  yield  moment  (see  Fig.  Ill  17).  This  choice 
should  more  than  compensate  for  work  hardening.  It  is  not  certain  that  elastic 
vibrations  play  a  negligible  part.  In  the  tests  on  steel  beams  the  ratio  of 
incident  energy  to  maximum  elastic  strain  energy  was  greater  than  8  in  all  cases. 
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while  in  those  on  brass  and  duralumin  the  smallest  value  was  3  or  5 ,  Figure  III 
12,  plotting  the  ratio  of  test  deflection  to  that  of  elementary  theory,  shows 
little  variation  of  this  ratio  with  L^/Lji  if  elastic  vibrations  were  important, 
one  would  expect  a  much  better  agreement  with  theory  as  L^/L^  is  decreased  from 
5  (R  =  3)  tol  (R  =  10),  in  the  duralumin  tests;  but  the  improvement  is  seen 
to  be  only  about  6  percent.  However,  the  end  supports,  which  maintained  fixed 
angles  at  the  beam  ends,  must  have  been  massive,  and  may  have  introduced  a 
constraint  effect  of  appreciable  magnitude.  If  the  ends  had  been  fully  constrained 
so  that  no  approach  was  permitted,  the  nature  of  the  deformation  would  have 
been  drastically  altered  in  that  bending  action  would  have  become  replaced  by 
membrane  response,  at  the  test  deflections  which  reached  two  or  three  multiples 
of  the  beam  depth.  This  implies  a  large  stiffening  effect,  so  that  the  deflections 
are  a  small  fraction  of  those  predicted  by  a  theory  considering  bending  only 
(see  Symonds  and  Mentel  (1958)and  Nonaka  (196**)). 

It  is  difficult  to  feel  confidence  in  Parkes’s  strain  rate  correction 
for  brass  and  duralumin  specimens  because  the  small  amount  of  test  data  in 
direct  tension  or  compression  shows  a  very  small  rate  dependence  for  both  metals 
up  to  a  strain  rate  of  about  10  sec  \  Evans'  (1942)  studies  included  tests 
on  mild  steel,  duralumin,  and  brass,  giving  curves  of  yield  point  stress  and 
tensile  strength  for  the  three  metals  as  functions  of  strain  rate  (Fig.  Ill  18). 

In  view  of  Parkes's  use  of  ultimate  moment  values  for  his  calculations,  the 
dependence  of  tensile  strength  should  be  of  particular  interest.  For  the  whole 
range  of  Evans'*  tests  from  strain  rate  0.01  to  10  sec-1  the  results  for  brass  and 
duralumin  show  a  negligible  change  in  the  tensile  strength.  (There  seems  in 
fact  to  be  a  slight  decrease  at  e  about  20  sec  ^  compared  to  the  value  at  c 
about  0.01,  for  both  metals.)  These  results  are  not  compatible  with  the  strain 
rate  corrections  of  20  to  30  percent  applied  by  Parkes,  at  average  strain  rates  of 
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the  order  of  20.  Only  Whiffin'?  (1*340)  tests  (as  much  higher  strain  rates)  showed 
a  large  strain  rate  sensitivity  for  duralumin;  for  example,  specimens  with  0,2 
percent  static  proof  stress  43,000  psi  were  found  to  have  dynamic  yeild  strengths 
averaging  about  69,000  psi  (with  scatter  ranging  from  about  60,000  psi  to  about 
76,000  psi).  These  results  were  found  from  tests  in  which  cylindrical  specimens 
of  the  test  metal  were  fired  at  armor  steel  blocks,  at  velocities  ranging  from 
about  600  ft/sec  to  about  3100  ft/sec.  The  analysis  for  the  dynamic  yield 
strength  was  made  using  the  method  of  G.  I.  Tay.lor  (1948).  The  computed 
values  of  the  strain  rates  (of  the  order  of  10  sec  )  and  dynamic  yield  strengths 
obviously  depend  strongly  on  the  interpretation  of  the  tests  through  an  analysis 
that  is  by  no  means  exact,  and  in  fact  demands  ad  hoc  assumptions  that  affect 
the  computed  results  and  have  no  independent  confirmation. 

Parkes's  tests  on  cantilevers  and  fixed-ended  beams  can  be  interpreted 
as  showing  that  small  beam  specimens  of  mild  steel,  duralumin,  and  brass  behave  in 
impact  tests  as  if  the  dynamic  plastic  bending  moment  is  larger  than  the  static 
value  by  substantial  amounts,  the  increase  ranging  from  about  ?  for  mild  steel 
to  1.2  or  1.3  for  duralumin  and  brass.  His  tests  appear  to  show  also  that  the 
analysis  of  rigid-plastic  type  can  be  carried  out  as  if  the  material  were 
perfectly  plastic,  but  characterized  by  a  dynamic  rather  than  static  plastic  moment, 
whose  value  can  be  estimated  with  sufficient  accuracy  from  results  given  by  the 
simple  rigid-plastic  treatment.  This  conclusion  is  not  confirmed  by  tests  to  be 
described  next  by  Bodner  and  Symonds ,  which  showed  instead  that  a  correction  of 
the  elementary  rigid-plastic  analysis  by  simply  correcting  the  plastic  moment 
could  be  grossly  in  error  in  certain  cases.  The  effect  of  strain  rate  sensitivity 
is  in  these  cases  to  change  the  pattern  of  deformations,  as  well  as  to  increase 
the  plastic  moment. 
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3,  Bodner  and  Symonds' s  Experiments. 

Experiments  of  Bodner  and  Symonds  (I960,  1962)  were  of  two  kinds, 
termed  "impulsive"  and  "impact",  respectively.  The  former  type  made  use  of  the 
same  basic  theoretical  model  as  that  of  Parkes’s  (l95f>)  tests  on  cantilevers. 

Fig.  IU  4,  The  main  difference  was  that  the  tip  mass  was  bolted  to  the 
cantilever,  and  was  set  in  motion  by  applying  an  impulsive  load  directly  to  it. 
This  was  done  either  by  detonating  a  small  explosive  charge  on  the  tip  mass,  or 
by  firing  a  bullet  which  entered  and  remained  embedded  in  it.  This  load  caused 
the  tip  mass  to  acquire  velocity  in  a  time  short  compared  with  the  time  of 
deformation;  this  velocity  is  taken  as  the  initial  velocity  in  the  theoretical 
model,  analogous  to  the  striking  velocity  of  the  falling  mass  in  Parkes'* 
experiments.  In  the  second  or  "impact"  type  of  test  described  by  Bodner  and 
Symonds,  the  cantilever  beam  specimen  again  carried  a  mass  bolted  at  its  tip,  but 
the  base  of  the  cantilever  was  given  a  shock  such  that  its  velocity  was  changed 
in  a  time  short  compared  to  the  time  of  deformation. 

Since  the  impulse  type  experiments  are  close  to  those  of  Parkes  on 
cantilevers,  and  lead  to  rather  different  conclusions,  they  will  be  described 
first. 

(A)  Impulse  Tests 

In  Table  III  6  are  listed  the  basic  conditions  of  Bodner  and  Symonds ' s 
"impulse"  tests,  which  may  be  compared  with  those  listed  for  Parkes 's  tests 
in  Table  III  2. 

These  tests  were  designed  to  differ  from  Parkes  in  two  major  respects. 
First,  the  attached  mass,  bolted  to  the  beam,  was  an  integral  part  of  the  beam. 
This  should  have  eliminated  uncertainties  in  Parkes 's  tests  due  to  movement  of  the 
striking  mass  relative  to  the  beam,  and  avoided  the  obvious  difficulties  in  his 
tests  with  lead  bullet  strikers.  Secondly,  the  tip  masses  were  chosen  so  that  the 
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Impulse  Test  Conditions:  Cantilever  Beams  with 
Tip  Hass,  Tests  of  Bodner  and  Symonds  (I960,  1962) 

(1 )  Bullet  fired  into  tip  mass. 

Length  L  =  19.0  in.  (mild  steel  specimens) 

L  =  6.0  in.,  8.625  in.  (6061-T6  aluminum 

Cross-sections:  depth  h  =  0.177  in.,  width  b  =  0.634  in. 

(mild  steel  specimens) 
depth  h  =  0.255  in.,  width  b  =  0.775  in, 

(6061-T6  aluminum  alloy) 

Weight  of  tip  mass:  0.68  lb.  to  1.47  lb.  (mild  Steel) 

0.29  lb.  to  0.385  lb.  (6061-T6) 

Beam  strength  properties: 

Mild  stee_:  o  =  29.0  ksi,  M  »  146  in-lb 

o  P  " 

6061-T6  aluminum  alloy:  o  =  38.0  ksi,  M  -  485  in-lb 

o  P  ‘ 

NOTE:  High  velocity  (4000  fps)  steel  bullets  were  used,  which  remained 
embedded  in  the  tip  mass. 

(2)  Explosive  charge  detonated  on  tip  mass. 

Length:  L  =  4.35  in.  (mild  steel  specimens) 

L  =  2.97  in.,  4,34  in.,  5.95  in.,  7.65  in. 

(6061-Tb  aluminum  alloy) 

Cross-sections:  depth  h  =  0.053  in.,  width  b  =  0.312  in. 

(mild  steel  specimens) 

depth  h  =  0.053  in.  -0.119  in.,  width  b  =  0.210  in. 
-0.312  in.  (6061-T6  aluminum  alloy) 

Weight  of  tip  mass:  0.0115  lb.  -0.0232  lb.  (mild  steel) 

0.0056  lb.  -0.0154  lb.  (6061-T6  aluminum  alloy) 

Beam  strength  properties: 

Mild  steel:  o  =  44.0  ksi,  M  =  9.62  in-lb 
o  p 

6061-T6  aluminum  alloy:  =  43.0  ksi,  M^  =  9,42  in-lb  -47,5  in-lb 

NOTE:  Lead  azide  charges  in  plastic  cylinders  were  detonated  in  direct 
contact  with  tip  mass. 


alloy ) 
-0.695  in. 

-0.795  in. 
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mass  ratio  parameter  B  =  mL/2G  had  values  through  the  range  from  about  Q.15  to 
about  1.0,  so  that  the  variation  of  results  with  B  could  be  studied.  By  contrast, 
in  Parkes's  cantilever  tests  the  values  of  B  for  the  heavy  strikers  lay  in  a  small 
range  from  about  0.005  to  0.10,  and  his  tests  using  light  strikers  (lead  bullets) 
had  much  larger  B  values,  roughly  4  to  26.  The  range  of  B  in  Parkes's  heavy- 
striker  tests  is  such  that  in  all  cases  more  than  90  percent  of  the  initial 
kinetic  energy  is  absorbed  in  the  base  hinge,  according  to  the  elementary  rigid- 
plastic  analysis.  Hence  these  tests  are  not  suitable  for  studying  phenomena 
associated  with  changes  of  the  pattern  of  deformation.  The  tests  with  his  light 
strikers  would  have  given  a  useful  contrast  with  the  heavy-striker  tests ,  since 
for  these  tests  less  than  10  percent  of  the  energy  goes  into  plastic  work  at  the 
base  hinge.  However,  the  significance  of  these  tests  with  lead  bullets  must 
be  considered  doubtful,  as  already  pointed  out.  In  the  Bodner-Symonds  tests  a 
substantial  change  of  plastic  work  distribution,  from  over  80  percent  ir  the 
base  hinge  to  about  45  percent,  was  achieved  without  significant  change  in  the 
testing  technique. 

In  these  tests,  the  determination  of  initial  velocity  was  made  by 
measurement  of  the  applied  impulse.  In  the  tests  where  explosive  charges  were 
used,  the  impulse  of  a  measured  quantity  of  lead  azide  charge  was  held  in  a 


plastic  container  which  disintegrated  in  the  explosion.  Care  was  taken  that  tie 


geometry  in  the  calibration  test  was  closely  similar  to  that  in  the  test  on  ths 


specimen  beam.  Good  reproducibility  of  impulse  was  obtained  for  a  given  size 


of  charge.  In  the  tests  using  bullets  fired  into  the  tip  mass  the  impulse  was 
obtained  from  the  measurement  of  the  bullet  speed  by  high  speed  photography. 
Again,  good  reproducibility  of  impulse  was  obtained  for  a  given  bullet  charge. 
In  both  types  of  test,  impulses  could  be  reproduced  with  a  variation  of  two 


percent  or  less. 
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A  disadvantage  in  the  tests  using  explosive  charges,  as  compared  with 
Parkes'  tests,  was  that  the  magnitude  of  the  impulse  could  not  easily  be  changed 
by  large  amounts.  Therefore,  as  shown  in  Table  111  7(a)  (mild  steel)  and  Ill  7(b) 
(6061-T6  aluminum  alloy),  these  tests  were  performed  with  only  two  magnitudes  of 
applied  impulse.  The  desired  range  of  deformation  angles  was  obtained  by  changing 
tip  mass  and  (in  the  6061-T6  tests)  the  beam  dimensions. 

The  results  are  compared  first  with  the  prediction  of  the  elementary 
rigid-plastic  theory.  Curves  labelled  A  in  Figures  III  19(a)  and  19(b)  show 
the  experimental  final  rotation  angle  near  the  base  divided  by  the  angle 
predicted  by  elementary  rigid-plastic  analysis.  Equation  2.10.  The  results  for 
mild  steel  may  be  compared  with  those  of  Parkes  in  Figs.  Ill  6. 

In  plotted  results  from  Bodner  and  Symonds'e  tests  a  trend  appears  for 
both  mild  steel  and  aluminum  alloy  6061-T6,  that  is  missing  from  Parkes' c 
cantilever  test  results.  This  is  a  trend  toward  better  agreement  with  tests 
and  elementary  theory  as  the  ratio  6  increases,  so  that  for  6  a  0.7  the  test 
angle  is  approximately  equal  to  the  predicted  magnitude,  while  at  8  *  0.15 
the  test  angle  is  substantially  less  than  the  predicted  angle — the  ratio  being 
about  0.65  for  mild  steel,  0.80  for  6061-T6.  Thus  only  at  the  smallest  6 
values  (heaviest  tip  masses)  is  the  reduction  in  angle  of  rotation  as  large  as 
that  found  by  Parkes.  AT  the  largest  p  values  in  the  Bodner-Symonds  tests  the 
final  angle  measured  in  the  tests  on  mild  steel  beams  was  appreciably  larger 
than  the  theoretical  value.  In  other  words,  the  elementary  theory  with  static 
plastic  magnitudes  predicts  a  smaller  angular  deformation  than  that  actually 
experienced  by  the  specimen  beam,  despite  the  rate  sensitivity  of  the  material . 

Parkes'  tests  at  large  6  values  fail  to  show  the  trend  with  8  noted 
above;  however,  these  tests  used  lead  bullet  strikers  directly  on  the  beam,  and 
their  validity  is  questionable.  As  already  pointed  out,  it  seems  unreasonable  to 
apply  the  simple  analytical  model  with  fixed  end  mass  to  these  tests;  and  apart 
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Bodner  and  Symorsds  Impulse  Test  Results:  Aluminum  alloy  6061-T6 
Tests  G:  bullet  fired  into  tip  massi  Tests  H:  explosive  charges 
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from  the  fact  that  the  tip  mass  is  certainly  not  the  bullet  mass  (as  assumed), 
the  effective  impulse  may  be  much  less  than  the  bullet  momentum  because  of  local 
deformation. 

An  unfortunate  feature  of  the  Bodner-Symonds  tests  was  their  use  of 
beams  of  different  lengths  and  cross-sections,  so  that  changing  6  involved 
changes  in  several  variables  rather  than  a  change  only  of  the  tip  mass.  Also, 
as  g  and  the  impulse  I  were  changed  so  was  the  deformation  "’agnituda ,  Thus  it 
is  not  possible  to  compare  the  experimental  deflections  with  theoretical  predictions 
at  constant  strain  magnitudes.  The  final  angles  are  shown  in  Figs.  Ill  19  (as 
average  values  for  each  set  of  test  results  at  nearly  constant  6).  There  seems 
to  be  no  systematic  dependence  on  the  deformation  magnitude,  and  the  correlation 
of  deformation  magnitude  with  ratio  of  experimental  angle  to  theoretical 
prediction  is  often  opposite  to  what  would  be  expected  if  strain  hardening  were 
playing  an  important  role.  For  example,  the  mild  steel  tests  at  B  =  0.15  with 

„  a  26°  are  in  worse  agreement  than  those  at  B  =  0.3  with  6  *  52°;  these 

exp  exp 

particular  sets  of  tests  were  both  made  with  essentially  the  same  beam  dimensions 
and  impulse,  only  a  change  of  tip  mass  being  made.  If  strain  hardening  were  the 
principal  cause  either  of  the  discrepancy  between  test  results  and  rigid-plastic 
theory  0^/6^  '  I),  or  of  the  trend  of  test  results  toward  better  agreement 
as  8  increases,  the  agreement  should  be  best  at  the  smallest  rotation  angle  and 
become  worse  at  larger  angles.  The  comparison  of  rotation  angles  in  Fig.  Ill  19 
(a)  thus  leads  to  the  same  conclusion  as  the  similar  comparison  in  Fig.  Ill  8  for 
Parke s '  cantilever  tests,  namely  that  strain  hardening  is  not  mainly  responsible 
for  the  differences  between  deflections  observed  in  tests  and  those  predicted  by 
elementary  rigid-plastic  theory.  (The  indications  on  this  point  from  Parkes '  tests 
are  more  complete  and  systematic) 

Since  in  the  cantilever  tests  there  are  no  constraints  arising  from 
finite  deflections,  and  strain  hardening  seems  to  play  a  negligible  role,  the 
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discrepancies  between  results  of  tests  and  elementary  theory  may  be  presumed  due 
either  to  neglect  of  elastic  deformations,  or  to  neglect  of  strain-rate  sensitivity 
of  the  plastic  moment,  or  to  both  combined.  We  shall  consider  here  only  attempts 
to  explain  these  on  the  basis  of  strain-rate  sensitivity.  The  tests  were 
designed  so  that  the  ratio  R  of  incident  energy  to  maximum  elastic  strain  energy 
was  large;  for  the  mild  steel  tests,  R  was  greater  than  8  for  all  but  one  case, 
while  for  6061-T6  R  was  greater  than  3  in  all  cases.  The  influence  of  elastic 
vibrations  cannot  be  conclusively  ruled  out  until  more  systematic  tests  concerning 
their  influence  are  reported;  however,  other  explanations  must  presumably  be 
found  for  the  discrepancies  appearing  in  Figs.  Ill  19,  since  most  of  these  are 
opposite  to  what  would  be  expected  if  elastic  deformations  were  playing  an 
important  role . 

Further  corroboration  of  the  above  statements  is  given  by  impulse 
tests  of  Bodner  and  Speirs  (1963)  on  aluminum  alloy  3003-H14  in  a  cold  worked 
condition  (static  yield  stress  oq  =  20,300  psi  at  room  temperature).  Tests 
were  made  on  beams  of  depth  0.079  in,,  width  0.30  in.  (except  for  some  at  0.50  in.), 
and  lengths  ranging  from  2.15  in.  to  8.01  in.,  at  three  temperatures:  70°F,  212°F, 
and  400°F).  The  results  are  shown  in  Fig.  Ill  20.  The  dependence  on  6  is 
very  similar  to  that  shown  in  Figs.  Ill  19  for  mild  steel  and  6061-T6.  The  evidence 
from  deformation  magnitudes  also  is  comparable  to  that  from  the  results  shown 
in  Figs.  Ill  19;  in  particular,  strain  hardening  appears  unable  to  account  for 
the  observed  discrepancies. 

The  role  of  strain  rate  sensitivity  in  these  tests  must  therefore  be 
examined  critically.  The  simplest  way  to  introduce  a  strain  rate  sensitivity 
in  that  of  Parkes,  as  described  above.  The  dynamic  yield  stress  is  supposed 
known  as  a  function  of  strain  rate,  and  from  this  the  dynamic  plastic  bending 
moment  for  a  rectangular  beam  section.  For  the  impulse  tests,  the  average  strain 
rate  according  to  the  formula  of  Equation  (2.16)tfrom  the  elementary  rigid- 
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plastic  analysis,  thus  enables  a  dynamic  yield  moment  to  be  computed  for  each 
test.  Each  test  result  may  then  be  compared  with  the  predicted  deformt  n 
angle  reduced  by  the  ratio  M  /KT  ,  where  is  the  dynamic  plastic  moment. 

As  shown  in  Table  III  7,  the  strain  rates  calculated  in  this  way 
fcr  the  steel  tests  lie  in  the  range  1  sec  ^  to  8  sec  while  those  for  the 
6061-T6  tests  are  somewhat  larger,  from  8  sec  ^  to  about  31  sec  If  the 
test  deflection  is  divided  by  that  predicted  by  elementary  rigid-plastic  theory 
multiplied  by  the  ratio  the  result  is  approximately  unity  for  the  points 

of  largest  tip  mass  (smallest  magnitudes  of  8).  However,  at  the  largest  values 
of  6  the  ratio  of  test  deflection  to  the  modified  rigid-plastic  value  reaches 
nearly  2  for  the  mild  steel  tests,  and  about  1,2  for  the  6061-T6  tests. 

The  results  for  mild  steel  indicate  that  the  simple  strain  rate  correction 
suggested  by  Parkes  is  unsatisfactory  in  this  problem.  For  6061-T6  the  results 
point  toward  the  same  conclusion,  but  less  positively;  the  maximum  discrepancy 
after  correction  is  about  the  same  as  that  before  correction,  but  shifted  to 
the  region  of  largest  6. 

It  is  obvious  that  at  least  for  a  strongly  rate-sensitive  metal  such 
as  mild  steel,  putting  rate  sensitivity  in  the  analysis  of  the  impulse  problem 
cannot  be  done  by  merely  increasing  the  magnitude  of  the  plastic  moment  so  as 
to  correspond  with  average  strain  rate  magnitude,  and  using  the  new  constant 
moment  magnitude  in  the  same  rigid-plastic  analysis  applicable  to  a  non-rate 
dependent  material.  The  failure  of  this  simple  method  in  the  present  problem 
is  apparently  related  to  the  change  of  deformation  pattern.  Use  of  a  constant 
plastic  bending  moment  implies  that  the  distribution  of  work  done  in  plastic 
straining  remains  unchanged  when  strain  rate  sensitivity  is  introduced.  This 
distribution  is  governed  by  the  mass  ratio  parameter  6.  However,  as  8  is 
changed  over  the  range  considered  in  the  Bodner-Symonds  tests  the  experiments 
show  that  the  discrepancy  between  theory  and  experiment  changes  drastically;  at 
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low  B  values  the  elementary  theory  strongly  overpredicts,  while  at  B  values 
approaching  1  it  underpredicts.  Such  a  large  qualitative  difference  cannot  be 
accounted  for  by  strain  rate  sensitivity  if  the  deformation  pattern  retains 
the  same  dependence  on  B,  i.e,  if  the  analytical  model  used  for  a  constant 
plastic  moment  is  assumed  to  apply  as  well  to  the  case  in  which  depends  on 
strain  rates. 

The  strain  rate  dependence  in  the  impulse  problem  must  therefore 
evidently  be  taken  into  account  by  a  method  such  that  the  pattern  of  deformation 
as  well  as  its  magnitude  is  modified  by  the  strain  rate  sensitivity  of  the  material. 
This  will  presumably  be  the  case  if  the  plastic  moment  is  assumed  to  have  a 
functional  relation  to  the  curvature  rate  (or  strain  rate,  equivalently),  and  re¬ 
garded  as  a  function  of  position  and  time.  The  first  analysis  of  this  type  was 
presented  by  Cowper  and  Symonds  (1957).  This  was  extended  and  improved  by 
Ting  and  Symonds  (1962)  and  by  Ting  (1963,  1964). 

These  "viscoplastic"  analyses  have  been  reasonably  successful  in 
predicting  the  feature  observed  experimentally  in  the  impulse  tes.j,  of  a 
deformation  less  than  that  of  the  elementary  rigid-plastic  at  small  6  values, 
and  larger  for  B  _>  1.  Qualitatively,  the  explanation  may  be  as  follows.  Large 
B  values  correspond  to  small  tip  masses,  and  therefore  to  high  strain  rates  in  the 
first  phase  of  the  elementary  theory,  which  leads  to  continuous  deformation. 

These  high  strain  rates  seem  to  stiffen  the  beam  in  this  phase,  so  that  less 
energy  is  absorbed  in  it.  Hence  more  energy  must  be  absorbed  in  the  second 
phase,  with  deformation  mainly  near  the  base  of  the  beam.  In  this  way  it  is 
seen  to  be  possible  for  the  deformation  at  the  base  to  be  larger  than  that 
predicted  by  the  elementary  rate  independent  solution,  despite  the  fact  that 
rate  sensitivity  is  a  strengthening  effect. 


122 


(B)  Impact  Tests 

Reference  has  been  made  to  experiments  using  the  "impact  test"  model,, 
defined  as  a  cantilever  beam  with  tip  mass,  whose  base  is  given  a  rapid  change 
in  velocity.  In  one  type  of  test  the  specimen  beam  is  initially  in  motion  with 
constant  velocity,  and  deformation  occurs  when  the  base  strikes  a  massive  anvil. 
Such  tests  were  described  by  Mentel  (1958)  and  by  Bodner  and  Symonds  (1962), 
Alternatively,  the  beam  may  be  initially  stationary  and  the  base  subjected  to 
impact  so  that  it  acquires  a  velocity  in  a  short  time.  This  method  has  the 
advantage  of  eliminating  vibrations  of  the  beam  specimen  that  may  be  present 
just  before  impact.  Tests  were  reported  by  Gillis  and  Lerner  (1960)  using  this 
technique.  Finally,  a  third  method  which  is  equivalent  to  the  others  for  very 
short  acceleration  times  is  that  which  uses  explosive  or  shock  wave  loading 
applied  to  a  fixed-base  cantilever,  as  by  Bodner  and  Humphreys  (1964). 

We  will  review  here  briefly  the  main  experimental  results  of  Bodner 
and  Symonds  (1962)  and  Gillis  and  Lerner  (1960),  these  being  the  most  complete 
series.  The  test  conditions  of  the  two  investigations  are  summarized  in  Table 
III  8(a)  -  (b).  The  results  are  summarized  in  Table  Ill  9(a)  -  (L). 

The  elastic-plastic  treatment  of  this  problem  was  discussed  by 
Alverson  (1956,  1958)  and  by  Stallybrass  (1960).  We  are  here  primarily 
concerned  with  the  rigid-plastic  approach,  since  plastic  deformations  are 
assumed  large. 

The  rigid-plastic  solution  was  presented  by  Mental  (1958) 
and  discussed  also  by  Ting  and  Symonds  (1962).  We  outline  below  the  essential 
features  of  this  solution,  since  it  serves  as  a  guide  for  the  experiments  as 
well  as  for  the  viscoplastic  analysis. 

The  base  velocity  is  assumed  to  be  V(t)  =  V  [l-f(t)j  where 

o 

f(t)  =  t/tQ  for  t  <_  t^,  f(t)  =  1  for  t  >_  t^.  Vq  is  the  change  of  velocity  of 
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TABLE  III  8  (a) 

Impact  Test  Conditions:  Cantilever  Beams  with 
Tip  Mass,  Tests  of  Bodner  and  Symonds  (1962) 


Two  cantilever  specimens  attached  transversely  to  carriage,  accelerated  by 
HyGe  machine,  propelled  along  track  to  impact  with  heavy  mass. 


Specimens : 


Tip  mass  ratios: 


lengths  approx.  4.5  in.,  2.0  in. 

width  0.312  in. 

depth  0.125  in.  (mild  steel) 

0.119  in.,  0.125  in.  (6061-T6 
aluminum  alloy) 


0,  2.0,  4,2  (mild  steel  specimens) 

0,  1.8,  2.0,  6.1,  4.3.,  12.9  (6061-T6 

aluminum  alloy  specimens ) 


Beam  strength  properties: 

Mild  steel: 

Aluminum  alloy  6061-T6: 

Impact  velocity  range: 

Stopping  time  range: 


o  =  30,0  ksi,  M  =  36.6  in. -lb. 
o  p 

c  =  44.0  ksi,  M  =  53.6  in. -lb. 
o  p 

o  =  43.0  ksi 
o 

M  *  52.4  in. -lb.  or  47.4  in. -lb. 
P 

35  ft. /sec.  to  100  ft. /sec. 

0.07  msec,  to  0.37  msec. 


TABLE  III  8  (b) 

Impact  Test  Conditions:  Cantilever  Beams  with 
Tip  Mass,  Tests  of  Gillis  and  Lerner  (1960) 


Two  cantilever  specimens  attached  transversely  to  carriage,  subjected  to 
impact  by  mass  propelled  along  track;  specimen  carriage  decelerated  slowly 
by  friction  brake. 


Specimens : 


Tip  mass  ratios: 

Strength  properties: 

Mild  steel: 

Aluminum  alloy  6061-T6 : 

Impact  velocity  range: 


lengths  approx.  4.5  in. 

width  0.312  in. 

depth  0.125  in.,  (mild  steel) 

0.119  in.,  0.127  in.  (6061-T6 

aluminum  alloy) 

0,  0.3,  0.7,  1.4,  1.9,  2,1  (mild  steel) 
2.0,  3.9,  5.9  (6061-T6  aluminum  alloy) 


oq  =  41.0  ksi,  Mp  =  in. -lb.,  53.6  in. -lb. 
Mp  =  47.5  in. -lb.,  56.5  in. -lb. 

53  ft. /sec,  to  96  ft. /sec. 


Stopping  time  range: 


0.07  msec,  to  0.10  msec. 


*•  i-  »»»•, 


TABLE  III  9(a) 

IMPACT  TEST  RESULTS  -  MILD  STEEL  BEAMS 

Tests  oi  Bodner  and  Symonds  (1962) 
Gillis  and  Lerner  (1960) 


Approx, Exact  | 

VP  j 

VP 

!_ 

e  ? 

e  1 

e 

rp  i 

rp 

0.543  | 

0.55 

0.525  1 

0.57 

0.735 

0.59 

0.508  j 

0.60 

0.528 

0.55 

0.690 

0.56 

0.688 

0.56 

Specimens  A8  -  A15,  B1  -  B3  (Bodner  and  Symonds,  1962)  Mild  steel:  aQ  =  30  ksi  (A  specimens), 
o0  -  44  ksi  (B  specimens);  Beam  depth  0,12b  in.,  width  0.312  in.  Mp  =  36.6  in-lb  (A  spec.) 
Mp  s  53.6  in-lb  (B  spec.) 

Specimens  26-28  (Gillis  and  Lerner,  1960,  specimen  group  56)  Mild  steel:  oc  =  ksi, 

Mp  =  49.6  in-lb;  Beam  depth  0.125  in.  ,  width  0.312  in. 


IMPACT  TEST  RESULTS  OH  ALUMINUM  6061-T6  BEAMS 
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the  base  (or  the  initial  velocity  of  the  beam  due  to  explosive  loadL.v  in 
Bodner  and  Humphreys'  tests). 

The  initial  rigid-plastic  response  pattern  is  governed  by  V  /t  and 

by  the  tip  mass  ratio  k.  Figure  III  23  summarizes  the  situation,  and  shows  that 
.  2 

if  VQ/to  24Mp/mL  an<>  k  >  1  an  interior  plastic  hinge  appears  with  sense  of 
bending  opposite  that  of  the  base  plastic  zone.  (Figs.  Ill  22  (c)).  The 
analysis  leading  to  Fig.  Ill  23  neglects  the  moment  of  inertia  of  the  tip  mass 
about  its  centroid.  It  was  shown  by  Hentel  (1958)  that  neglect  not  only  of  the 
tip  mass  inertia  but  also  of  the  presence  of  the  internal  hinge  leads  to 
negligible  errors  in  the  main  deformation  at  the  base  hinge.  Thus  a  pattern  of 
deformation  consisting  of  a  simple  rotation  about  an  axis  at  the  base  (Fig.  m 
22(d))  is  a  very  accurate  one.  For  this  simple  linear  velocity  distribution 
the  elementary  rigid-plastic  analysis  leads  to  the  following  results  for  the 
final  rotation  angle  0^  and  the  time  tf  at  which  motion  stops: 

(3-22) 


where 

0  _  3  (1  ♦  2k)?  . 

m  *  8  1  +  3k  M  ; 

P 


1  +  2K 
2 


The  test  results  of  Bodner  and  Symonds  (1962)  and  Gillis  and  Lerner 

(I960)  are  presented  as  plots  of  jj-  0  /0  vs.  t  /t  .  In  these  experiments 

a  exp  rp  r  o 

the  stopping  time  was  so  short  in  relation  to  t^.  that  the  "correction  factor" 
f  -  t^/t^  Equation  (3.22)  was  within  2  or  3  percent  of  unity.  (This  was 
intended  in  the  design  of  the  experiments,  so  as  to  minimize  effects  associated 
with  details  of  the  impact,  such  as  the  shape  of  the  velocity-time  curve.) 

Comparisons  are  shown  between  test  and  theoretical  results  in  Figs. 
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III  24  (a)  and  <  b  )  ,  plotting  6  /8  as  functions  of  velocity  change  V  , 

where  B  is  the  elementary  rigid-plastic  result  as  calculated  from  Equation 
(3.22X  These  comparisons  are  made  for  a  single  mass  ratio  k,  namely  K  2  2.0, 

Other  values  of  k  were  used  in  the  experiments,  but  to  keep  complications  to  a 
minimum  in  the  present  comparisons,  tests  with  only  one  beam  geometry  are  consid¬ 
ered. 


In  the  comparison  shown  the  energy  ratio  R  was  greater  than  9  for 
the  mild  steel  tests  and  between  5  and  7  for  the  aluminum  6061-T6  tests.  These 

values  are  the  ratio  of  the  plastic  work  M  in  the  test  to  the  quantity 

2 

MpL/2EI,  which  is  taken  as  a  measure  of  the  maximum  elastic  strain  energy  that 
could  be  stored  in  the  beam. 

The  plots  in  Figs.  Ill  24  show  large  scatter  of  results,  despite 
the  restriction  in  each  caue  to  a  single  value  of  k  and  the  same  beam  geometry. 
This  scatter  has  not  been  explained,  and  the  results  are  to  some  extent 
doubtful  because  of  it.  It  is  perhaps  associated  with  elastic  vibrations, 
despite  the  large  values  of  energy  ratio  R,  The  importance  of  elastic 
deformations  might  have  been  increased  by  the  raising  of  the  upper  yield  stress, 
in  the  mild  steel  tests.  The  upper  yield  effect  is  enhanced  in  impact  tests, 
and  seems  to  be  further  increased  in  bending  as  compared  with  simple  tension 
or  compression,  as  shown  recently  by  Aspden  (1963);  see  Aspden  and  Camp' ell 
(1966). 

Another  possible  source  of  scatter  in  the  tests  of  Eodner  and 
Symonds  is  the  fact  that  the  beam  is  in  motion  prior  to  impact.  The  base  of  the 

beam  is  moving  with  constant  velocity,  but  vibrations  excited  by  the  initial 

acceleration  of  the  beam  are  still  appreciable.  In  the  tests  of  Gillis  and 

Lemer  this  difficulty  was  removed  by  having  the  beam  stationary  and  at  rest 

prior  to  impact.  Some  reduction  in  scatter  was  obtained  by  this  change  in 
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technique;  average  deformation  values  at  a  given  velocity  are  about  the  same 
as  in  Bodner  and  Symonds'  tests. 

The  plots  in  Figs.  Ill  24  show  that  for  both  mild  steel  and  6061-T6 
the  measured  final  angular  deformations  were  substantially  smaller  than  those 
predicted  by  elementary  rigid-plastic  analysis  over  the  range  of  impact 
velocities  used,  the  ratios  of  test  deformation  to  the  value  from  elementary 
theory  being  approximately  0.5  to  0.7  for  mild  steel  and  0.6  to  0.8  for 
6061-T6 . 

The  neglect  of  strain  hardening  in  the  elementary  rigid  plastic 
theory  again  can  be  eliminated  as  a  major  cause  for  this  discrepai  Figs, 

III  24  show  the  deformation  angles  in  degrees  for  each  test.  If  strain 
hardening  had  been  a  major  cause  of  the  reduction  of  deformation  from  that 
predicted  by  the  elementary  theory  one  would  expect  some  correlation  between 
the  discrepancy  and  the  magnitude  of  the  deformation,  with  agreement  becoming 
worse  as  the  deformation  angle  is  increased.  No  downward  trend  in  the  ratio 
^exp^rp  is  found  in  any  of  the  test  series.  As  far  as  one  can  judge,  in 
view  of  the  scatter  of  results,  the  observed  deformations  remain  at 
essentially  the  same  fraction  cf  the  values  predicted  by  elementary  theory, 
independent  of  velocity  and  strain  magnitude. 

We  consider  now  the  approach  to  a  viscoplastic  analysis. 

Differential  equations  for  the  beam  problems  have  been  derived 
and  solved,  in  which  the  plastic  bending  moment  in  excess  of  the  static 
magnitude  at  each  section  is  a  chosen  function  of  curvature  rate.  The 
pattern  of  deformation  shown  in  Fig.  Ill  21  is  still  postulated.  An  interface 
x  =  z(t)  is  assumed  to  separate  the  region  near  the  base  where  plastic 
deformation  occurs  at  time  t  from  the  region  x  >  z  which  moves  as  a  rigid 
body.  The  bending  moment  at  the  interface  is  M  ,  the  static  plastic  moment, 
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M  (x)  »  M  at  x  <  2,  being  governed  by  the  strain  rate.  The  following 
P 

relation  was  used  in  the  analyses  by  Cowper  and  Symonds  (1957),  Ting  and 
Symonds  (1962)  and  Ting  (1963,  1964): 

<  =(sgn  M)  (  ^  -  l)*5,  | M |  >_ 

P 

k  =  0  JM  |  <  M  0.1) 

P 

where  <  is  the  time  rate  of  change  of  the  curvature  tc,  and  p  and  B 
are  constants.  This  relation  was  derived  from  the  corresponding  one  for 
simple  tension  or  compression, 

e  =  (sgn  o)(  -  i)P,  | o J  _>  oq 

o 

e  =  0  |o|  <  Oo  (3.2) 

where  a  is  the  stress,  e  the  strain  rate,  and  D  is  a  constant  of  the  material 
having  dimensions  of  strain  rate.  The  above  simple  form  of  non-linear 
viscoplastic  relation  can  be  made  to  fit  published  data  with  accuracy 
satisfactory  for  engineering  purposes.  Numbers  for  D  and  p  chosen  to 
fit  Manjoine's  curve  for  mild  steel  and  Parkes '  composite  curve  for  duraluminum 
are : 

Mild  Steel  D  =  40  sec  1  p  =  5 

Duraluminum  D  =  6500  sec  1  p  =  4 

The  constant  B  in  the  bending  moment-curvature  rate  formula  is  related  to 
D  (by  calculation  assuming  plane  sections  to  remain  plane)  as  follows: 

B  =  D  ~  (2P  ±  A)P.  (3.3) 

h  2p 

when  £  is  expressed  in  (seconds)  \ 

The  pattern  of  deformation  shown  in  Fig.  Ill  21  apparently  resembles 
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that  of  the  first  phase  in  the  elementary  rigid-plastic  solution  of  the  same 
problem,  except  that  the  moment  in  the  plastic  region  is  not  constant  but 
varies  from  to  at  the  base.  A  more  important  difference  is  that 
instead  of  there  being  two  distinct  phases  the  configuration  of  Fig.  Ill  21 
applies  through  out  the  motion.  During  the  deformation  the  interface  moves 
toward  the  base  and  strain  rate  magnitudes  decrease.  When  they  become  zero 
motion  ceases,  so  that  the  final  bending  moment  at  the  fixed  end  is  M^. 

In  order  to  solve  the  problem  completely  (in  the  framework  of  the 
conventional  beam  equations)  it  would  be  necessary  to  solve  the  following 
partial  differential  equation  in  the  plastic  region  0  <  x  <  s(t): 


mB 

*  r  w---° 

P 


(3.4) 


where  u  =  - 1  >  1.  This  fourth-order  non-linear  parabolic  equation  must 

P 

be  solved  subject  to  conditions  at  the  boundaries  x  =  0  and  x  =  z(t);  z(t) 
defines  the  interface  between  regions  p>l(0<x<^z)  and  |m|  <  1,  (z<x<L). 
The  unknown  function  z(t)  must  be  found  from  the  equations  of  momentum 
conservation  for  the  whole  beam  and  the  continuity  conditions  at  the 
interface.  This  presents  a  difficult  problem,  even  for  a  wholly  numerical 
analysis,  and  the  complete  solution  has  not  been  carried  out.  However,  Ting 
(1963)  and  Ting  and  Symonds  (1962)  considered  the  related  impact  problem, 
where  the  base  of  the  beam  is  impacted  so  that  it  attains  a  velocity  V  in 
a  specified  short  time.  The  pattern  of  deformation  is  taken  the  same  as  in 
Fig.  Ill  21.  Ting  (1963)  obtained  the  complete  solution  of  this  problem  by 
an  iterative  numerical  technique.  The  approximate  solution  described  by 
Ting  and  Symonds  (1962)  is  based  on  what  at  first  appears  to  be  a  drastic 
simplifying  assumption,  namely  that  in  the  plastic  zone  0  <_  x  <^z(t)  the 
inertia  forces  are  zero.  This  may  perhaps  be  argued  as  plausible  on  the  grounds 
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that  the  resistance-  to  motion  in  the  plastic  region  is  primarily  due  to 

bending  strength,  enhanced  by  high  strain  rates,  rather  than  to  inertia. 

In  any  event,  this  simplification  was  shown  to  be  permissible  in  the  impact 
problem  treated,  the  final  angles  differing  fro?n  those  obtained  in  the 
complete  solution  by  amounts  less  than  one  percent  in  two  examples  of  mild 
steel  beams,  and  by  about  two  percent  in  two  examples  of  aluminum  alloy 
6061-T6.  The  success  of  the  approximation  of  neglecting  inertia  in  the 
plastic  zone  is  presumably  related  to  the  fact  that  during  most  of  the 
deformation  the  plastic  zone  is  presumably  related  to  the  fact  that  during 
most  of  the  deformation  the  plastic  zone  is  fairly  small  (less  than  one- 
third  the  beam  length);  the  momentum  of  material  adjacent  to  the  base  of  the 
beam  is  small,  and  its  contribution  to  the  moment  of  momentum  smaller  still. 
Hence  an  approximate  inclusion  of  this  momentum,  or  its  omission  altogether, 
may  lead  to  small  errors  in  the  final  deformation. 

The  neglect  of  inertial  forces  means  that  the  shear  force  is 
constant  in  the  plastic  region.  Then  instead  of  a  fourth  order  non-linear 
partial  differential  equation  with  an  unknown  moving  boundary,  one  has  a 
simpler  problem  of  coupled  ordinary  integro-differential  equations  expressing 
conservation  of  linear  and  angular  momentum. 

We  shall  write  the  equations  for  a  viscoplastic  analysis  first  in 
general  forms  applicable  either  to  Parkes*  problem  (stationary  beam  with  tip 
mass  subjected  to  an  impulse)  or  to  the  problem  briefly  mentioned  above  in 
which  the  base  of  the  beam  is  given  a  change  of  velocity  in  i  short  time,  i.e. 
the  "impulse"  problem  and  the  "impact"  problem  respectively. 

After  outlining  the  viscoplastic  approach  to  both  problems,  and 
showing  results  for  the  impulse  problem,  the  impact  problem  will  again  be 
looked  at  in  more  detail.  Experimental  results  are  available  for  this 
problem  as  well,  although,  as  will  be  seen,  they  are  in  some  respects  unsatis- 
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factory . 


(C)  Viscoplastic  Analysis 

We  consider  a  beam  with  given  initial  velocity  distribution  v^(x)  =  v(x,0). 
In  order  to  take  approximate  account  of  finite  deformations  in  a  simple  way  the 
velocity  v(x,t)  is  defined  as  normal  to  the  deformed  center-line,  x  being  the 
distance  from  the  base  to  a  typical  cross-section  measured  along  the  center- 
line  curve  (see  Fig.  Ill  21).  The  initial  transverse  momentum  and  angular 
momentum  with  respect  to  the  base  point  B  are,  respectively. 


■L 

J  =  mv  (x)dx  +  GV  =  (amL  +  G)V 
o  o  o  o 

■*0 


H 


o 


fL 

mv  xdx  +  LGV 
o  o 

J0 


(|  amL2  t  GL)  Vo 


<3. 5a) 


(3.5b) 


where  o  =  0  in  the  impulse  (Parkes's)  problem,  a  =  1  in  the  impact  problem,  and 
m  is  the  mass  per  unit  length  along  the  center-line.  At  time  t  >  0,  with 
deformation  of  the  center-line  as  indicated  in  Fig.  Ill  21  the  component  of 
momentum  parallel  to  the  initial  direction  of  motion  is 


J(t)  = 


L 

mv  cos  6  dx  +  GV  cos  6^ 

0 


(3.6a) 


Where  6(x,t)  is  the  angle  of  the  tangent  at  x  with  the  horizontal  and  6^  =  6(L,t) 
is  the  angle  at  the  tip.  The  angular  momentum  with  respect  to  B  is  given 
approximately  by 


H(t )  = 


mvxdx  +  GVL 


(3.6b) 


This  correctly  represents  the  moment  of  momentum  about  B  for  small  deformations. 


for  large  deformations  only  if  the  deformed  center-iine  curve  were 
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a  straight  line.  It  is  suggested  as  a  good  approximation  for  beams  with  a  tip 
mass  roughly  equal  to  or  greater  than  that  of  the  beam  by  the  fact  that  the 
final  deformed  shape  of  such  beams  has  been  found  in  experiments  always  to  be 
very  closely  linear  outside  a  short  hinge  region  near  the  base. 

The  equations  of  conservation  of  momentum  for  the  beam  and  attached 

mass  are 


t 

=  J(t)  -  JQ 

. 

/■t 

M  <T)dT  =  H(t )  -  H 
m  o 

J0 


(3.7a) 


(3.7b) 


where  and  are  the  opposing  shear  and  binding  moment  at  the  base  B;  J(t), 

H(t)  are  given  by  Equations  (3.6);  and  Jo„  Hq  are  given  by  Equations  (3.5). 

Boundary  conditons  at  the  base  are 


6b  =  g  ■ 


(3.8a) 


V.  =  v(0,t)  =  V  [1  -  f(t)] 

D  O 


(3.8b) 


where  for  the  impulse  problem: 
for  the  impact  problem: 

and 


f(t)  =  1 

f(t)  =  t/t  ,  t  <  t 
o  —  o 

f(t)  =1,  t  >  t 


As  already  discussed,  our  solution  will  be  simplified  by  neglecting 
inertia  forces,  and  hence  assuming  that  the  shear  force  in  the  plastic  region 
0  <_  x  z(t)  is  independent  of  x,  i.e.  in  this  region  Q  =  (^(t).  Therefore 
dM/dx  =  -Q^  and  the  bending  moment  varies  linearly: 

M 


H 


1  .  (JL.  1  HI  .  |), 


in  0  <  x  <  z 


(3.9) 
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where  M  (t)  is  the  base  moment  and  M  is  the  static  plastic  limit  moment, 
m  p 

Using  Equation  (3.1),  the  curvature  rate  k  is 


2 

3  v  .  , .  x  .p 

=  *  (l  -  -r , 
„  2  m  z 

3x 


in  0  <  x  <  z 


(3.10) 


where  r  (t)  =  B(tj—  -  lr  . 
m  n 

p 

In  the  region  z  <_  x  <_  L  the  bending  moment  is  less  than  M^,  and  there- 

fore  k  :  3  v/3x  =  0;  this  segment  moves  as  a  rigid  body.  Thus  the  assumption 

Q  *  enables  the  curvature  rate  to  be  written  as  a  known  function  of  x  in 

2  2 

terms  of  the  unknowns  r  (t)  and  z(t),  and  from  3  v/3x  the  velocity  can  be 

tn 

evaluated  in  terms  of  k  and  z. 

m 

The  evaluation  of  the  momentum  integral  J(t)  involves  the  slope  angle 
6(x,t).  This  is  related  to  v(x,t)  by 


(3.11a) 


so  that 


6(x,t)  =  —  (x,t  )dt 


(3.11b) 


The  treatment  of  finite  deformations  is  greatly  simplified  by  the 
further  assumption  that  J(t)  may  be  written  for  a  uniform  beam  as 


J(t)  s  m  cos  6^  vdx  +  GV  cos  0^ 


(3.12) 


where  0^^  is  the  slope  angle  at  the  tip,  x  =  L.  This  is  strictly  true  only  if 
the  deformed  center-line  is  a  straight  line,  but  it  may  be  justified  in  the 
general  case.  Consider  the  two  approximations 


(a)  m  v  cos  0  dx  *  m  cos  vdx 


(3.13a) 
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(b)  m  v  cos  6  dx  2  m  cos  0^  vdx 


(3.13b) 


Experiments  show  the  final  shape  to  be  nearly  straight  away  from  a  region  near 
the  beam  base  whose  length  is  of  the  order  of  several  beam  thicknesses;  this 
suggests  that,  (b)  is  a  good  approximation.  Although  (a)  is  not  so  good  an 
approximation,  it  is  nevertheless  permissible  because  cos  0^  differs  appreciably 
from  unity  only  when  z  is  small  and  the  integral  in  (a)  then  represents  a 
very  small  part  of  the  total  momentum. 

Then  equations  of  the  viscoplastic  problem  thus  simplified  can  be 
written  in  terms  of  the  three  variables,  *m(t),  z(t),  and  0^(t),  after  putting 


£  a  £  a. 

",  *  V1  ♦  %,  *  i*  <r>F 


(3.14) 


The  three  equations  in  these  unknown  functions  are 


k  -  [L 

dx  s  m  cos  0,  vdx  +  GV  cos  0,  -  J 

ZD  1  1  C 

'  O  n 


(3.15a) 


M  [l  +  (-s~)PJ  dx  =  m  vxdx  +  GVL  -  H 
P  B  Q 


(3.15b) 


ei  =  a7(L’T)dT 


(3.15c) 


The  integrals  in  the  right-hand  sides  of  (3.15)  may  easily  be  expressed  in 

gZ 

terms  of  and  z  by  using  the  expressions  for  — -  appropriate  to  the 

3x2 

intervals  0  <_  x  z  and  z  <.  x  <.  L;  for  the  first  interval  Equation  (3,10)  applies, 

32 

while  for  the  second  — ~  =0.  We  have 

3x2 
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dt 


v(x.t)  •  Vb(t)  .  „{S 
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3  v(t.t) 
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—  —  3x  p 
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(3.16a ) 
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(3.16b) 


»  ZK 

For  z  <  x:  ~  =  — Hi—  =  q  (t) 

™  3x  p  t  l  °ivw 


ZK 


V(x,t)  =  V  +  -  Lx  -  - - _] 

b  p  +  1  p  +  2 


(3.17a) 

(3.17b) 


ZK 

V(t)  =  V  +  n 


4.  _ ^ _  rr  ‘  n 

b  p  +  l  p  +  2J 


(3.18) 


Evaluating  the  integrals  in  (3.15),  we  obtain  finally  the  system 


of  equations; 

rt 


M  k  — 


<]T‘)P  dT  “  v0<mL+G)[l-f(t)]cos  ex  -  Vo(onnL+G) 


k  mL3  ,2  •> 
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(3.19a) 
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Impact  problem: 


-J2.  (JL)P  dt  V  (mL+G)f(t) 

I  ZD  O 
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(3.21a) 
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M  Cl+(^.)PdT  = 
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+  GL)f(t)  - 


k  mL 
m 

p+1 


,  .1  ..  ,z  2*k 
3"  +k  L  ~  p+T 


(p+2  )(p+3 )(p+4)L 


(3.21b) 

Initial  conditions  must  be  stated  for  both  sets  of  Equations  (3.20) 

and  (3.21).  We  have  8^(0)  *  0  in  both  problems,  but  the  starting  values  of 

£  and  k  are  different.  There  is  some  arbitrariness:  the  choice  of  the 
in 

assumption  r  =  *^(1  ’  x/z  )P  means  that  exact  initial  conditions  on  velocity  cannot 

be  satisfied.  For  the  impulse  problem  where  the  disturbance  originates  at  the 

tip  mass,  we  take  z(0)  =  L.  For  the  impact  problem  the  disturbance  is  felt 

first  at  the  base,  and  we  take  z(0)  =  0.  The  initial  curvature  rate  at  the 

base  £^(0)  can  be  taken  as  zero  in  the  general  impact  problem  where  the  base 

moves  with  velocity  V  (1  -  t/t  )  for  t  <  t  and  is  at  rest  for  t  >  t  . 

o  o  —  o  —  o 

The  initial  value  k  (0)  for  the  impulse  problem  may  be  chosen  so  as 

m 

to  make  the  initial  velocity  pattern  give  the  correct  angular  momentum. 

Putting  t  =  0,  z  a  L  in  Equation  (3.20b),  this  gives 


mL  x  (0)  , 

TiV  (k  *  fe 


+  ?)( 2p  +  q)  . 
-  +  3  /  (  p  V  4  ) 


(3.22a) 


Since  Equation  (3.20a)  as  it  stands  would  not  be  satisfied  with  the  above  value 
**  k*  modified  by  replacing  the  expression  in  brackets  on  the 
right  hand  side  by  the  following: 
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With  this  change,  the  linear  and  angular  momentum  conservation  equations  both 

give  the  same  initial  value  i  (0). 

m 

Equations  (3.20)  are  essentially  the  same  but  differ  in  detail 

from  those  solved  by  Ting  (1964).  Ting's  "First  Solution"  omits  the  momentum 

contributions  for  the  plastically  deforming  segment  in  0  <_  x  z.  His 

"Second  Solution"  equations  include  contributions  from  these  momenta;  however 

the  contributions  actually  obtained  from  the  assumption  ic  =  k  (1  — -r  were 

m  z 

modified  so  that  they  are  both  somewhat  simpler,  and  so  that  the  two  momentum 

equations  give  the  same  initial  value  for  k  . 

m 

Numerical  solutions  of  the  viscoplastic  equations  (3.19)  may  be 

carried  out  by  a  step-by-step  procedure.  Suppose  the  three  functions  are 

known  at  time  t.  s  i  (t.)»  z(t.),  and  0,(t.).  To  find  their  values  at  t..,, 

J  m  3  I  lj  j  +1  ’ 

one  may  guess  ^(t^+l).  Putting  this  in  Equation  (3.19b)  one  may  solve  the 

resulting  equation  for  z(t^+1).  These  values  put  in  Equation  (3.19c)  enable 

9^(tj+^)  to  be  calculated.  The  three  values  are  then  substituted  in 

Equation  (3.19a)  as  a  check;  if  left  and  right  hand  sides  do  not  agree  the 

calculations  are  repeated  with  a  revised  trial  value  of  i  (t.  and  the 

m  j+1 

process  is  continued  until  agreement  is  obtained.  The  deformation  stops 
when  the  curvature  rate  is  reduced  to  zero,  corresponding  to  the  bending 
moment  at  the  base  being  reduced  to 

Calculations  of  this  type  were  carried  out  by  Ting  (1964)  for  the 
impulse  problem,  using  modified  equations,  as  already  described.  Since  errors 
were  noticed  in  the  published  results  in  two  of  the  four  cases  calculated, 
all  were  recalculated.  Table  III  7(a)  gives  the  results  from  the  "complete 
solution"  (Equations  3.20)  as  well  as  from  Ting's  "first  solution"  in  which 
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moment um  contributions  from  the  plastically  deforming  segment  are  omitted. 

The  differences  are  very  small  in  three  cases,  and  about  10  percent  in  the 
third  case. 

Comparisons  with  test  results  are  also  indicated  in  Tables  III 
7(a)-(b),  and  in  Tigs.  Ill  )9(a)-(b).  For  mild  steel  the  agreement  with 
observed  final  deformations  of  the  viscoplastir,  theory  is  improved  in  the 
specimens  with  large  tip  mass  (small  6)  as  compared  with  elementary  rigid- 
plastic  theory.  However  when  the  tip  mass  is  small  (6  :  1  or  larger) 
the  viscoplastic  analysis  leads  to  an  underestimate  by  some  20  percent.  This 
is,  however,  much  better  agreement  than  that  obtair.e  1  by  using  Parkes's  strain- 
rate  correction  factor,  which  predicts  deformations  that  are  too  small  by 
nearly  100  percent  at  f  ;  1.  For  the  tests  on  6061-T6,  Fig.  Ill  19(b),  the 
viscoplastic  theory  leads  to  ai?  over-estimate  (at  d  *  1),  of  about  the  same 
magnitude  as  the  error  in  the  other  direction  obtained  by  use  of  a  simple 
correction  factor  on  the  plastic  moment. 

To  summarize,  we  have  shown  comparisons  between  deformations 
predicted  by  a  viscoplastic  analysis  based  on  a  moment-plastic  curvature 
rate  relation  of  simple  type  (Equation  3.1)  and  test  results  for  a  particular 
type  of  beam  test,  in  which  an  impulse  is  applied  to  a  mass  at  the  tip  of  a 
fixed-base  cantilever.  The  introduction  of  strain  rate  sensitivity  into  the 
differential  equations  does  change  the  pattern  cf  deformations  substantially; 
the  deformations  are  more  nearly  confined  to  a  region  near  the  base,  independently 
of  the  ratio  of  tip  mass  to  beam  mass.  Quantitative  agreement  of  final 
deformations  predicted  by  this  theory  with  those  observed  in  tests  is  only 
fair  (Fig.  Ill  19(a)-(b)>,  but  is  very  much  better  than  obtainable  when  a 
simple  correction  is  applied  to  the  statically  measured  fully  plastic  moment. 


Also  shown  in  Tables  III  7  (a)-(b)  and  Figs.  Ill  19  (a)-(b)  are 
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deformations  determined  from  a  simple  approximation  formula  suggested  by 
Ting  (io.S4  ).  This  formula  will  be  discussed  iater  and  compared  with  other 
approximate  methods . 

(D )  Approximate  Expressions 

The  complete  solutions  of  the  viscoplastic  equations  (3.20)  and 
(3.21)  are  lengthy,  and  it  is  natural  to  look  for  simplifications  that  will 
retain  essential  features. 

Immediate  simplifications  in  the  momentum  equations  of  either  the 
"impulse"  or  the  "impact"  problem,  Equations  (3.20)  and  (3.21),  are  suggested 
from  the  fact  that  the  exponent  p  in  the  strain  rate  law  is  large;  com¬ 
monly  p  >_  4.  In  the  moment  of  momentum  integral,  we  may  write 

tX 

K  Cl+A(T)]dT  =  M  (1+A  )t  (3.23) 

P  P  O 

o 

where 

A(  t )  = 

and  Aq  Is  a  constant  representing  a  suitable  average  of  A(t)  in  the  interval 

(0,t).  Numerical  solutions  show  the  actual  variations  of  <  (t)  to  be  large 

during  the  deformation.  An  example  of  a  calculated  curve  of  <  (x)  is  shown  in 

m 

Fig.  Ill  25(b).  Although  first  increases  from  10  to  25  and  then  decreases 

approximately  linearly  to  zero,  the  change  in  1  +  A(x)  remains  relatively  small 

(Fig.  Ill  25(a)).  Until  the  final  instants  of  the  motion  the  variation  of 

1  +  A(x )  from  the  starting  value  1  +  A(0)  is  only  some  7  percent.  Hence  it  is 

K  (0)  i 

a  quite  accurate  approximation  to  take  =  A(0)  =  ]P,  corresponding  to 

the  initial  curvature  rate. 

Consider  the  viscoplastic  equations  of  the  impulse  problem.  Equations 
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(3.20) .  The  third  term  in  the  bracket  of  each  equation  is  small  compared  with 
first.  In  the  moment  of  momentum  equation  (3.20b),  if  p  =  5  the  third  term 

is  less  than  one  percent  of  the  first  term  under  the  worst  circumstances  when 
k  =  0  and  z  =  L,  and  still  smaller  when  z  <<  L  and  k  is  1  or  larger.  In  the 
transverse  momentum  equation  the  third  tern  is  less  than  one  percent  of  the 
first  if  z  <  L/2,  as  is  the  case  for  most  of  the  deformation  period,  rig.  Ill 
25(b),  The  same  remarks  apply  equally  to  the  equations  (3.2l)  for  the  impact 
problem.  Hence  the  following  simplified  forms  of  the  viscoplastic  equations 

(3.20)  and  (3.21)  apply  with  very  good  accuracy: 


M  A  —7 — r  =  GV  -  6,tnL2<~  +  k)  [1  -  -rr—1—- - 

P  0  *7Ty  °  1  2  <i  +  k)(p  +  2) 

.  o  1 


«=-*]  cos  8 


(3.24a) 


•  3  1  7*  k 

M  (1  +  A  )t  =  GLV  -  e,mL°(i  +  k)[l  -  - 

P  ol3  (i  +  k)(p  +  2) 


(3.24b) 


where 


t  (0)  1 
Ao  s  3  P 


GV  (p  +  2) 

Vu)  .3,.  1  1_ _  , 

lnL  tK  +  3  6(p  +  l)-1 


(3.24c) 


The  complete  solution  for  several  cases  determines  a  curve  of  6  as 
function  of  time  like  that  of  Fig.  Ill  27,  the  main  feature  of  which  is  the 
straightness  of  the  curve  except  near  the  start  of  the  motion,  t  =  0.  This  means 
that  a  good  approximation  to  the  final  value  of  6  can  be  obtained  cy  taking  the 
0(t)  curve  to  be  a  straight  line  cutting  the  time  axis  at  t  =  tf  and  having  the 
slope  of  the  curve  at  t  =  t^..  Here  tf  is  the  instant  when  motion  ceases, 

0(t^.)  =  0;  z(tj.)=  0.  From  Equation  (3.24b)  we  have 


! 
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M  (1  +  A  )  = 

P  o 


GLV 

■Ovt^/mL  (—  r  k)  =  — — — 


(.3.25; 


The  approximate  linear  solution  for  6*(t)  is  thus 


mL3(^  +  k)8*  =  GLV  -  M  (1  +  A  )t 
3  o  p  o 


(3.26) 


and  the  final  angle  is  given  approximately  by 

,2 


GV 


6* 

vp 


k 


2Mp  (4  +  k)(l  ♦  A  ) 
3  O 


(3.27) 


A  formula  for  Aq  was  given  in  Equation  (3.24c).  This  may  be  simplified 
and  improved  by  dropping  the  term  ~-(p  t  1)  in  the  denominator.  This  change 
(slightly  decreasing  A^)  is  in  the  right  direction  to  improve  the  linear 
approximation.  Hence  we  obtain  the  following  solution  for  the  final  angle 

.2 


GV 

e*  a  - 1 - 

^  2MP  (k  ♦  i)(l  +  A*) 


(3.28a) 


GV  (p  i-  2) 

a*  =  r  — - - 

°  BmL3(k  ♦  1) 


(3.28b) 


This  formula  was  derived  by  Ting  (1964)  by  an  essentially  similar  argument. 

The  time  at  which  deformation  ceases  is  given  to  the  same  approximation 


as 


GLV 

t  *  s  _ JL _ , _ 

f  iTTi  TF) 

P  o 


(3.28c) 


finally,  the  equation  for  transverse  momentum  conservation,  together  with 
the  above  expressions  for  A*  and  tj,  furnishes  an  approximate  formula  for  the 
length  z*  of  the  plastic  tone  (averaged  over  the  deformation  time)  as 


144 


2* 


L 


A* 

o 

1  *  A* 
o 


(3.28d) 


How  well  the  predictions  of  the  simple  approximations  of  Equation  (3.28) 
compare  with  those  of  the  complete  viscoplastic  solution  and  with  experiment  results 
is  shown  by  curves  c  in  Figs.  Ill  19  (a),  (b). 

Considering  final  rotation  angles,  the  approximate  solution  differs 
from  the  complete  solution  by  about  five  percent  at  the  largest  6  (smallest  tip 
mass),  but  the  difference  is  negligible  at  low  8  values.  The  complete  solution 
is  closer  to  the  test  results  for  the  final  angles  than  the  appropriate  solution. 
Thus,  at  the  largest  8  values,  the  approximate  theory  predicts  a  final  angle 
about  20  percent  smaller  than  the  test  values.  The  hinge  lengths  predicted  by 
Equation  (3.28d)  are  larger  than  those  evident  in  photographs  of  final  deformations, 
which  show  the  length  of  the  deformed  region  near  the  base  as  roughly  four  times 
the  beam  depth,  or  one  tenth  the  length.  The  formula  predicts  average  z/L 
magnitudes  of  the  order  of  0.5  or  larger  for  mild  steel. 

To  sum  up,  it  is  seen  that  the  simple  approximate  solution  furnishes 
results  in  good  agreement  with  those  of  the  complete  viscoplastic  solution,  but 
vhose  agreement  with  experimental  deformation  angles  is  less  satisfactory.  How¬ 
ever,  the  agreements  with  experiment  of  both  the  complete  viscoplastic  theory 
and  the  approximate  formula  over  the  range  of  8  tested,  are  very  much  better 
than  that  of  the  elementary  rigid-plastic  theory,  either  uncorrected  or  multiplied 
by  a  rate  correction  factor  as  in  Parkes's  method. 

Simple  approximate  formulas  for  the  Impact  problem  can  also  be  obtained 
from  the  complete  equations.  Equations  (3.21). 

In  the  same  spirit  as  for  the  approximate  solution  of  the  impulse 
problem,  immediate  simplifications  can  be  made  by  dropping  all  but  the  first 
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term  in  the  bracket  in  the  right  hand  sides  of  Equations  (3,21)  a  and  b.  In  the 

present  case  z/L  -  0  at  t  =  0  and  t  =  tf;  z  remains  usually  less  than  L/2  during 

the  deformation.  A  typical  curve  for  z/L  is  shown  in  Fig.  Ill  29(a),  obtained 

by  calculation  from  the  complete  viscoplastic  equations.  Fig.  Ill  28  shows  the 

near  constancy  of  A  over  most  of  the  time  of  deformation.  If  we  again  replace 

A(t )  =  (k  /B)1/P  by  a  constant  A,  the  equation  of  conservation  of  angular 
m 

momentum  (3.21b)  becomes: 


M  (1  ■*•  A)t  -  V  mL2(k  +  ^)f(t)  -  6mL3(k  +  ^) 
p  o  2  o 


(3.29) 


where  for  t  <  t  f(t)  =  t/t  ;  t  >  t  ,  f(t)  -  1. 

—  O  O  — ’  o 

We  have  used,  as  before,  the  relation  from  Equation(3.19c\  namely 


e  (t)  = 


r  z 
m 


P  ♦  1  ’ 


(3.30) 


and  we  have  written  6  in  place  of  6^,  for  simplicity. 

An  example  of  a  6(t)  curve  is  shown  in  Fig.  Ill  29(b)  by  calculation 
from  the  complete  viscoplastic  theory.  For  t  _>  t  the  curve  is  nearly  a  straight 
line.  If  we  suppose  tQ  is  small  (tQ  <<  tf),  it  is  a  reasonable  approximation  to 
assume  a  linear  variation  of  9(t)  over  the  whole  deformation  time,  and  hence  to 
write 

6mL3(k  +  !•)  «  V  mL2(k  +4)  -  M  (1  +  A)t  (3.31) 

O  O  2  p 

According  to  this  equation  the  deformation  ends  at 


V  mL2(k  +  i) 
r  .  ..  _o _ 2_ 

f  "  M  (l  t  A) 

P 


(3.32a) 


and  the  final  angle  is 


1,2 


6f 


VzmL  (k  +  i) 

O  _  _ 2 

2M 


(1  ♦  A  )(k  +  i-) 


(3.32b) 
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It  remains  to  obtain  a  suitable  value  for  A  from  the  viscoplastic 

theory.  We  can  write  the  linear  momentum  equation  (3.21a)  in  terms  of  6  and 

2 

after  eliminating  z  by  use  of  Equation  (3.30),  and  dropping  the  z  and 
3 

z  terms  in  the  bracket.  Then  the  equation  after  differentiating  with  respect 
to  t  is 

t  >_  to,  f(t)  =  1, 


H  A(t)k  (t)  =  6  9mL2(k  +  ~)(p  +  1) 

pm  2 


We  may  set  A(t)  =  A,  and  evaluate 


A  =  [ 


*  (0)  1/p 


8 


-3 


Taking  6  and  6  from  Equation  (3. 31) and  putting  t  =  0,  ve  obtain 


*  (°)  =  ^  (p  t  1)  ^  *  2> 

A  L2  (k  ♦  h2 


and 


A  =  [  ~—-A- 


V  (p  +  1)  (k  +  ~)2  1 

l,2]p 


l2b 


(k  ♦  ±y 


(3.32c) 


For  given  and  beam  constants  the  above  furnishes  an  estimate  of  T  that  can  be 
used  in  Equations (3.32a,  b).  Finally,  from  the  linear  momentum  equation  with 
t  =  tf  we  can  obtain  an  average  value  of  the  plastic  zone  length  as 


T  *  + 

A  2 


1  4-  A  k  +  1 


Finally,  it  is  worth  noting  that  the  approximate  viscoplastic  solutions 
written  above  are  the  same  as  those  that  would  be  obtained  if  we  assumed  in  the 
beginning  that  the  deformation  is  governed  by  an  expression  of  type 
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v(x,t)  -  v-'<(x)  T* ( t  ) 

This  represents  a  deformation  in  a  fixed  pattern,  or  mode  shape ,  and  such  a 
solution  may  be  called  a  mode  solution .  The  use  of  such  forms  of  solution  to 
obtain  approximate  solutions  of  dynamic  loading  problems  has  been  discussed 
by  Martin  and  Symonds  (1966)  for  general  one-dimensional  structures  of  rigid- 
plastic  material.  It  can  be  shown,  for  example,  that  for  any  such  structure 
subjected  to  a  loading  of  impulsive  type  (i.e.  with  prescribed  initial  velocities), 
the  velocities  decrease  linearly  to  zero.  Criteria  were  derived  for  choosing 
the  mode  shape  so  as  to  give  the  best  approximation  to  the  complete  solution. 

The  approximate  solutions  derived  in  the  foregoing  discussion  of 
viscoplastic  solutions  were  found  to  be  of  this  type.  In  other  words,  when 
rate  sensitivity  of  plastic  properties  is  included  in  the  analysis,  the 
deformation  tends  to  become  of  modal  type,  in  these  examples.  Hence  these 
results  provide  some  indication  that  the  simple  mode  approach  may  give  better 
results  when  applied  to  a  rate  sensitive  material  than  for  a  rate  independent 
material.  However  the  number  of  examples  for  which  comparisons  with 
experiments  have  been  made  is  too  small  to  allow  firm  conclusions  of  this 
type. 

Recently  Bodner  (1967)  at  Technion-Israel  Institute  of  Technology  has 
made  a  new  series  of  tests  on  ini^d  steel  cantilevers  with  tip  masses,  similar  to 
the  "Impulse  Tests"  described  above  (PP.  112-122).  The  new  results  were  closely 
comparable.  They  provide  desirable  confirmation  of  the  viscoplastic  analyses 
and  of  the  usefulness  of  tec  mode  appro* imation  technique  in  this  problem.  In 
fact,  strain  gauge  measurements  gave  quite  striking  evidence  that  the  actual 
deformation  process  closely  resembles  that  assumed  in  the  mode  solution,  and  pre¬ 
dicted  by  tbs  full  analysis  with  strain  rate  dependence. 


148 


4.  Experiments  of  Florence  and  Firth 

Florence  and  Firth  (1965)  hava  reported  tests  on  supported  and  clamped 
beams  of  steel  and  aluminum  alloys,  with  uniform  loads  applied  explosively.  The 
tests  were  designed  to  investigate  especially  the  applicability  of  rigid-plastic 
theory.  They  provide  a  valuable  complement  to  the  tests  on  cantilevers  dis~ 
cussed  above.  They  were  comprehensive,  well  planned  and  executed  tests.  Never¬ 
theless  they  also  illustrate  the  basic  difficulties  in  making  and  interpreting 
tests  on  dynamic  plastic  deformations  of  structures. 

The  elementary  rigid-plastic  solution  for  a  supported  or  clamped 
beam  with  initial  velocity  Vq  over  its  span  2L  is  obtainable  by  simple 
momentum  considerations  (Symonds  1955).  Writing  Vq  =  I^m  ,  the  results  for 
the  final  deflection  yf  and  final  angle  6f.  as  functions  of  position  can 
be  written,  for  the  case  of  pinned  ends,  as 


(4.1a) 

(4.1b) 


where  1^  is  the  impulse  per  unit  length  and  x  is  measured  from  the  end, 

Fig.  Ill  30.  The  quantities  of  main  interest  are  the  final  central  deflection 


yf(L)  and  angle  at  the  support  9f(0)  ,  which  are  (for  pinned  ends)  written 

as 


5th<i>  I/ 


3  m  ri  * 

D 


c  (o'.  =  oj.1* 

f  til 


(4.1c) 


For  clamped  ends  is  replaced  by  2Mp.  The  notation  in  equations  (4.1c)  is 

that  of  Florence  and  Firth;  the  superscript  (1)  distinguishes  the  elementary 
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rigid-plastic  solution  from  those  including  corrections  for  finite  deflections 
and  strain-hardening. 

As  mentioned,  end  conditions  of  simple  support  and  clamped  ends  were 
used,  with  design  so  as  to  permit  free  axial  motion  and  enable  axial  constraints 
to  be  negligible.  Their  materials  and  properties  are  listed  in  Table  10. 

TABLE  III  10 


Material 

Yield  Stress 
( psi ) 

Strain  Hardening  Modulus 
(psi) 

A1  2024-T4 

52,000 

0.329 

x  106 

A1  6061-T6 

40,000 

0.114 

x  106 

CR  1018  Steel 

O 

Q 

O 

cn 

0.2 

x  106 

Annealed  1018  Steel 

43,000 

•  •  • 

.  . 

In  all  tests  the  beam  dimensions  were  nominally  18  inches  in  length,  1.0  inches 
in  width,  and  0.25  inches  in  depth. 

The  loads  of  impulsive  type  were  applied  by  detonation  of  sheet  ex¬ 
plosive  (DuPont  EL-506D) ,  over  neoprene  layers  to  prevent  l; ailing.  The  initial 
velocities,  presumed  uniform  because  of  the  large  speed  of  the  detonation  wave 
relative  to  beam  propagation  speeds,  were  measured  by  streak  photography  for 
four  aluminum  and  four  steel  specimens.  In  this  way  a  calibration  was  obtained 
in  terms  of  impulse  per  unit  volume  of  sheet  explosive.  This  quantity  was 
found  to  have  constant  values  for  beams  of  the  two  materials,  namely  2.9  x  10^ 

3  c  o 

dyne-sec/c®  for  aluminum  and  3.25  x  10  dyne-sec/cm  for  steel. 

(It  is  not  explained  why  the  values  for  the  two  materials  are  dif¬ 
ferent.  For  a  given  geometry,  explosive  material  and  burning  time,  the  impulse 
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should  be  a  constant  on  a  stationary  surface.  The  reduction  of  impulse  for 
aluminum  beams  is  perhaps  associated  with  the  larger  velocities  attained 
by  these  specimens  in  the  "delivery  time"  of  the  impulse,  given  as  about 
33  micro-seconds.  But  if  this  is  the  explanation,  then  presumably  a  sim¬ 
ilar  variation  of  velocity  occurred  in  the  test  series,  since  the  thickness 
of  explosive  sheet  was  varied  to  give  the  desired  range  of  initial  veloci¬ 
ties.  ) 

Since  the  tests  were  designed  to  study  the  validity  of  rigid- 
plastic  analysis,  they  covered  a  range  of  energy  ratio  R  from  less  than 
unity  to  6  or  7,  (  R  =  initial  kinetic  energy  divided  by  maximum  elastic 
strain  energy).  The  final  deflections  ranged  from  a  small  fraction  of  the 
half-span  length  L  to  more  than  %L  ,  thus  up  to  about  twenty  times  the 
beam  depth.  With  deflections  as  large  as  these-,  the  precise  support  con¬ 
ditions  are  important.  The  simply  supported  beams  had  pins  which  moved 
inward  on  bearing  blocks  as  the  beam  deflected.  The  clamped  beams  had  each 
of  the  "built-in"  ends  in  a  close  fitting  channel  which  permitted  material 
to  flow  into  the  spar..  Thus,  during  the  tests  on  supported  beams  the  span 
decreased,  while  in  the  tests  on  clamped  beams  the  span  remained  fixed 
while  the  developed  length  increased. 

If  appreciable  constraints  against  axial  motion  were  present,  these 
would  cause  axial  forces  which  (for  full  constraints)  would  dominate  the 
motion  for  deflections  appreciably  larger  than  the  beam  depth  (Symonds  and 
Mentel  1958).  That  such  constraints  were  negligible  was  indicated  by  the 
authors,'  check  on  one  of  the  tests  (A1  2024-T4  with  clamped  ends)  which 
showed  an  absence  of  longitudinal  strain  at  the  middle  surface;  in  this  test 
the  strain  in  the  outer  fibers  reached  4  percent  and  the  deflection  was  0.43L. 
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The  authors  also  gave  modifications  of  the  rigid-plastic  analysis  to  take 
approximate  account  of  finite  deflections.  These  resulted  in  corrections 
which  were  in  general  small,  rarely  exceeding  5  percent.  The  authors  seem 
to  have  effectively  disposed  of  questions  arising  from  the  finite  deflect¬ 
ions  of  their  specimens. 

Florence  and  Firth  presented  their  results  in  the  form  of  tables 
giving  the  final  midpoint  deflection  and  the  slope  angle  measured  near  the 
supports.  They  also  displayed  results  of  several  test  series  by  means  of 
plots  of  the  midpoint  deflection  ratio  6 /L  against  the  impulse  per  unit 
length  1^  ;  and  of  the  dimensionless  displacement  \/L  against  position  x. 
Typical  plots  of  both  kinds  are  shown  in  Figures  III  31(a,b,c). 

These  plots  show  the  typical  discrepancies  between  the  predictions 
of  equations  (4.1)  and  the  test  results.  The  test  deformations  were  smaller, 
by  amounts  from  about  25  percent  to  over  50  percent,  compared  to  predict¬ 
ions  of  the  elementary  theory.  The  inclusion  of  corrections  for  finite 
deflection  led  to  minor  improvement,  while  that  for  strain  hardening  led 
to  substantially  better  agreement.  Table  III  1.1  summarizes  these  comparisons 

The  corrections  for  deflection  effects  and  strain  hardening  will 
not  be  discussed  here  in  detail,  although  they  are  of  great  interest.  Both 
involve  approximations,  but  seem  quite  reasonable.  The  theory  of  Florence 
and  Firth  which  gives  their  strain  hardening  correction  is  bared  on  assump¬ 
tions  similar  to  those  by  Cowper  and  Symonds  (1957):  the  hardening  was  ex¬ 
pressed  by  a  linear  moment-curvature  relation;  the  length  of  the  hardening 
zone  was  assumed  finite  but  small  compared  to  the  span;  and  the  strain 
hardening  was  disregarded  in  the  initial  phase  (in  which  distributed 
deformations  occur).  The  accelerations  in  the  plastic  zones  are  taken  the 
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same  as  in  the  rotating  segments.  These  and  other  assumptions  avoided 
the  difficult  problem  of  a  nonlinear  partial  differential  equation  with 
conditions  at  moving  boundaries.  Indications  of  the  magnitudes  of  the  cor¬ 
rections  due  to  strain  hardening,  in  the  authors'  theory,  are  shown  in 
Figures  III  31(a,b,c),  and  in  Table  III  11. 

As  illustrated  in  Fig.  Ill  3ic,  the  experimental  deflection  curves 
were  nearly  straight  except  in  central  regions.  This  implies  that  the 
first  phase  of  the  rigid-plastic  theory,  in  which  the  general  curvatures 
are  produced  by  travelling  hinges,  is  reduced  in  importance  in  the  actual 
behavior.  The  effect  is  the  same  as  that  predicted  by  the  analysis  includ¬ 
ing  rate  sensitivity,  as  discussed  in  the  preceding  Lection.  Since  Florence 
and  Firth's  analysis  of  strain-hardening  does  not  affect  deformation  in  the 
first  phase,  and  reduces  deflections  in  the  second,  it  has  the  opposite 
effect,  tending  to  increase  the  general  curvature  of  the  specimens. 

The  same  questions  raised  earlier  about  experiments  must  again  be 
asked.  The  discrepancies  between  experiment  and  theory  could  be  attributed 
not  only  to  strain  hardening,  but  to  elastic  vibrations  (especially  for 
beams  of  aluminum  alloys);  strain  rate  sensitivity  (especially  for  the 
annealed  steel  specimens);  axial  constraints;  shear  deformations;  or  to 
combinations  of  these.  What  can  be  learned  from  the  tests  about  the  rela¬ 
tive  importance  of  these? 

It  is  of  interest  to  re-plot  the  experimental  deformations  as 
ratios  to  the  quantities  from  elementary  rigid-plastic  theory.  As  in  the 
similar  treatment  of  test  results  for  the  cantilevers,  the  new  plots  pro¬ 
vide  help  in  answering  the  question  stated  above. 

Figure  III  32  gives  a  plot  of  the  ratio  of  experimental  angle  to 
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the  angle  predicted  by  the  theory  without  strain-hardening,  against  values 
of  the  applied  impulse  as  abscissa.  There  is  a  very  steep  rise  in  the 
curves  over  a  relatively  short  range  of  impulse  values,  and  the  angular 
ratio  tends  to  become  constant  at  about  0.6  for  most  plots.  The  poor 
agreement  in  the  low  impulse  range  is  probably  due  to  elastic  vibrations. 

If  the  plot  is  changed  to  that  of  the  ratio  of  the  experimental  angle  to 
the  angle  predicted  by  analysis  including  strain-hardening,  no  signifi¬ 
cant  change  in  the  shapes  of  the  graphs  occurs.  The  plots  of  deflection 
ratios  against  impulse  are  shifted  upward  from  those  of  Fig.  Ill  32  so 
that  the  horizontal  portions  of  the  curves  are  at  0.7  approximately. 

To  further  investigate  the  evidence  for  a  strain-hardening  influ¬ 
ence,  the  ratio  of  the  experimental  angle  to  the  angle  predicted  by  the 
elementary  theory  is  plotted  against  the  experimental  angle  in  Fig.  Ill  33. 
At  the  large  angular  deformation  values  the  curves  should  show  a  downward 
slope  if  strain-hardening  influences  or  axial  constraints  are  important. 
This  does  not  seem  to  be  the  case.  It  strongly  suggests  the  presence  of 
other  influences ,  in  particular  of  strain  rate  sensitivity. 

Figure  III  34  shows  the  variation  of  the  same  angle  ratio  plotted 
against  R  ,  (the  ratio  of  input  energy  to  the  maximum  elastic  bending 
energy  the  beam  can  absorb).  For  R>  3  the  angular  ratio  is  substantially 
constant  for  all  materials.  Taken  by  itself  this  indicates  that  for  R>  3, 
approximately,  elastic  effects  are  no  longer  important,  in  these  tests. 

In  discussing  Parkes's  solution  to  the  fixed-ended  beam  problem 
in  Section  2  of  this  chapter  a  "mode  approximation"  solution  was  described 
(Martin  and  Syroonds  1966).  This  proc.esdvire was  applied  to  the  present 
problem  with  the  effects  of  strain  hardening  introduced  into  the  analysis, 


using  the  linear  relationship  between  moment  and  curvature  and  the  same 
coefficient  X  as  used  by  Florence  and  Firth.  The  techniquewas  described 
by  Symonds  (1965)  for  the  impact  cantilever  test.  Fig.  Ill  35  shows  a 
comparison  between  the  elementary  rigid-plastic  solution,  the  solution  of 
Florence  and  F.irth  with  strain  hardening,  only,  and  the  mode  solution  for 
various  values  of  the  parameter  z/h  where  h  is  the  beam  depth  and  z 
is  the  length  of  the  plastic  region.  The  great  advantage  of  the  mode  sol¬ 
ution  is  the  ease  with  which  approximate  final  deformation  values  arc 
obtained,  when  strain-hardening  or  other  secondary  effects  are  put  into 
the  analysis.  It  has  the  disadvantage  that  one  must,  guess  a  suitable 
value  for  tne  parameter  z/h  ,  although  for  a  considerable  range  of  z/h 
the  shift  of  the  deformation  curves  is  slight.  The  fact  that  the  final 
deformed  shapes  of  the  test  specimens  were  relatively  straight  makes  it 
plausible  to  expect  the  mode  approximation  method  to  be  valid.  The 
curves  given  in  Fig.  Ill  35  do  show  better  agreement  than  the  curves  from 
the  elementary  or  the  strain-hardening- corrected  theory  of  Florence  and 
Firth. 

This  observation  suggests  the  use  of  a  strain  rate  correction, 
either  in  an  analysis  analogous  to  Florence  and  Firth's  for  strain  hardening, 
or  in  a  mode  approximation  solution  (as  by  Svmonds  (1965)  and  Bodner  (1967)  ). 
The  latter  has  been  done,  although  the  plots  are  not  shown.  Using  again 
the  power  type  formula  equation  (3.1)  for  the  strain  rate  -  overstress 
dependence,  with  constants  D  =  40  ,  p  =  5  for  steel;  D  =  6500,  p  =  4 
for  aluminum,  leads  to  the  surprising  result  that  the  corrections  are  too 
large  for  steel  (both  cold  rolled  and  annealed)  and  too  small  for  the 
aluminum  alloys.  This  is  opposite  to  what  would  be  expected  from  the  known 


1st 

strain  rate  behavior  of  these  metals;  annealed  mild  steel  would  be  expected 
to  exhibit  stronger  rate  sensitivity  than  any  of  the  others.  It  is  notable 
also  that  the  general  extent  of  disagreement  with  the  uncorrcctcd  rigid- 
plastic  theory,  as  indicated  by  Table  III  11,  is  about  the  same  for  all 
the  test  metals:  aluminum  alloys,  cold  rolled  steel,  and  annealed  steel. 

Since  the  strain-hardening  slopes  (Table  III  IT)  of  all  the  materials  are 
not  widely  different,  the  lack  of  strong  variations  in  these  disagreements 
with  elementary  theory  here  is  an  argument  for  strain-hardening  as  the 
leading  secondary  effect,  contrary  to  the  indications  from  Fig.  Ill  33. 

It  is  seen  that  the  analysis  of  Florence  and  Tirth's  experiments 
leads  to  conclusions  rather  different  from,  but  less  clear,  than  those 
deduced  from  analyses  of  experiments  on  cantilevers  in  the  previous 
Sections.  The  comparisons  with  elementary  rigid-plastic  analysis  show  that 
this  approach,  in  the  authors'  words,  "serves  as  a  reasonable  first -order 
theory".  The  plots  of  Fig.  Ill  34  would  indicate  that  the  neglect  of  elastic 
deformations  is  permissible  for  loads  such  that  the  energy  ratio  R  >  3  . 

On  the  other  hand  the  plots  of  Fig.  Ill  33  by  themselves  suggest  that 
strain-hardening  is  not  the  main  source  of  discrepancies  even  for  rotations 
larger  than  0.5  radians;  if  it  were,  the  agreement  with  an  analysis  neglect¬ 
ing  strain-hardening  would  get  worse  and  the  trend  of  the  plots  would  be 
downward.  It  is  also  possible  that  both  elastic  deformations  and  strain¬ 
hardening  remain  important,  and  that  the  two  phenomena  counterbalance  each 
other  in  the  region  where  the  impulse  and  deformation  angle  are  large. 
Similarly  an  interaction  between  elastic  deflections  and  strain  rate  effects 
may  be  occurring . 

To  sum  up,  while  the  experiments  on  cantilevers  with  tip  masses  of 
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Farkes ,  Bodner  and  Symonds,  and  recently  Bodner  (1967),  have  given  definite 
indications  of  the  dominant  role  of  strain  rate  sensitivity,  and  of  the 
applicability  of  mode  approximation  techniques,  the  experiments  on  supported 
and  clamped  beams  of  Florence  and  Firth  indicate  that  the  discrepancies 
between  predicted  and  observed  deformation  magnitudes  in  their  tests  stem 
rather  from  interactions  between  two  or  more  secondary  effects.  Further 
research  is  needed  to  fully  distinguish  the  roles  of  elastic  deformation, 
strain-hardening,  and  strain  rate  sensitivity,  without  neglecting  attention 
to  the  possibility  of  important  axial  constraint  effects  and  plastic  shear 


deformations. 
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Summary  of  calculated  and  experimental  result 
rolled  steel  beams,  adapted  from  Duwez,  Clark 
blust( 1950 ) . 


fur  eold- 
and  Bohnen- 


Comparison  of  angular  deformations  measured  in  tests  of 
Duwez,  Clark  and  Bohneriblust  (1930)  with  predictions  of 
elastic-plastic  analysis  and  of  rigid-plastic  analysis 
with  inclusion  of  several  secondary  effects. 


Impact  of  a  mass  on  a  long  beam:  diagrams  for  rir.id-nlastic 
analysis. 


Experiments  of  Farkes  and  typical  final  shapes  of  specimens: 
(a)  tests  on  cantilevers  (Farkes,  1933);  (h)  tests  on  fixed- 
ended  beams  (Farkes,  lu3(>,  1938).  The  fallinr  weight  has 
mass  G,  initial  velocity  V  . 

Farkes's  cantilever  test:  diagrams  for  rigid-plastic  ana¬ 
lysis.  The  striking  mass  G  is  assumed  to  stick  to  the  beam 
after  impact,  but  is  omitted  in  sketches  (b)  and  (d). 


Results  from  Pr.ikes's  (1955)  tests  on  mild  steel  cantilevers, 
shown  in  comparison  with  deformation  anr.le  predicted  by  rigid- 
plastic  analysis  using  static  fu’lv  plastic  moment.  <9  is 
given  by  Equation  (2.10);  8  =  mL/2G. 

Parkes's  (1955)  tests  on  mild  steel  cantilevers:  test  defor¬ 
mation  angles  are  shown  in  comparison  with  mapnitude  predicted 
by  elementary  rigid-plastic  analysis,  with  dynamic  plastic 
moment  substituted  for  the  static  value. 


Farkes's  (1935)  tests  on  mild  steel  cantilevers:  comparison 
of  test  angles  with  elementary  ripid-plastic  theory.  Each 
pair  of  test  points  joined  bv  a  line  has  same  6  (same  speci¬ 
men  geometry)  but  different  velocity  and  final  deflection. 

If  rigid-plastic  analysis  is  valid  except  for  omission  of 
strain-hardening,  agreement  with  theory  would  be  worse  at 
larger  strains;  in  fact,  agreement  is  better  at  larger  strains. 


Parkes's  (1936,  1938)  tests  on  f ixed-end"d  beams:  patterns 
of  deformation  in  elementary  rigid-plast ic  analysis.  Sketch 
of  test  arrangement  does  not  show  the  actual  end-fixing  devices, 
which  prevented  rotation  but  permitted  axial  motion. 


Pattern  of  configuration  assumed  in  the  "mode  approximation" 
solution,  with  one  degree  of  freedom. 


Results  of  Parkes's  tests  on  f.ixed-ended  beams  (parkes  1956,  1958), 
and  comparisons  with  theory.  Displacement  y  in  inches  of  impacted 
point  is  plotted  against  length  ratio  r  =  L./bj  with  constant  Lo 
as  shown.  Curves  were  calculated  from  rigid-plastic  "mode  approx¬ 
imation"  theory;  full  curves  use  static  fully  plastic  moment. 
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(cont.)  dashed  curves  use  dynamic  plastic  moment,  corresponding  to 
strain  estimated  from  Equation  (2,29),  hinge  length  taken 
as  0.5  in.  in  all  cases. 

Results  of  Parkes's  tests  on  fixed-ended  beams:  ratio  of 
test  deflection  to  deflection  predicted  by  rigid-plastic 
(mode  approximation)  solution  using  static  fully  plastic 
moment . 

Evidence  from  Parkes's  tests  on  mild  steel  fixed-ended  beams 
concerning  influence  of  strain  rate  sensitivity  of  fullv 
plastic  moment.  Pairs  of  test  points  joined  by  lines  have 
same  input  kinetic  energy  but  different  velocity.  Plot  is 
of  ratio  of  test  deflection  to  that  predicted  bv  ririd-plastic 
analysis  (mode  solution)  usinp.  static  fully  plastic  moment. 
(Compare  Pip,.  Ill  16). 

Lower  yield  stress  dependence  on  strain  rate  of  mild  steel 
accordinp,  to  tests  of  Manjoine  (1944  ).  (See  Pip.  I  6  for 
comparison  with  other  strain  rate  test  results).  Curve  of 
dynamic  plastic  moment  was  derived  by  Parkes  (1955)  from 
Manjoine's  stress  curve  (method  not  specified). 

Curves  used  by  Parkes  (1956,  1958)  for  dynamic  plastic  moment 
of  duralumin  and  brass  as  functions  of  strain  rate.  Dynamic 
yield  stress  data  for  duralumin  attributed  to  Klinp.er  (1950), 
Evans  (1942)  and  Whiffin  (1948);  for  brass  to  Jones  and  Moore 
(1240).  (But  see  rip.  III  18  for  actual  curves  of  Evans  for 
duralumin  and  brass ,  showinp  these  metals  as  rate  insensitive 
up  to  about  f  =  6  sec”-*.) 

Parkes's  test  results  for  mild  steel  fixed-ended  beams:  «_om- 
parison  with  ripid-plastic  analysis  (bv  mode  approximation 
solution)  using  dynamic  plastic  moment.  Compare  this  plot  with 
that  of  Pip.  Ill  13  usinp.  static  plastic  moment. 

Static  moment-curvature  test  diaprams  of  metals  used  in 
Parkes's  tests. 

Tensile  impact  test  curves  of  Evans  (1942):  c  =  "yield  point 

stress'  ;  c  =  "tensile  strength", 
m 

Comparison  of  (a)  mild  steel  and  (b)  6061-T6  aluminum  impulse 
test  results  of  Bodner  and  Symonds  (1962)  with  elementary 
ripid-plastic  theory  and  with  theories  taking  account  of  strain 
rate  sensitivity.  Curves  (A)  and  (D)  take  M  as  constant  with 
respectively  the  static  and  appropriate  dynamic  mapnitude; 
curves  (B)  and  (C)  take  M  as  a  function  of  local  strain  rate. 

Impulse  test  results  of  Bodner  and  Speirs  (1963)  on  3003-HI4 
aluminum  at  (a)  room  temperature;  (b)  at  212  F;  (c)  at  400  F. 
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Notation  for  "impact" problem:  cantilever  with  imposed  base 
acceleration.  Beam  may  be  taken  as  initially  moving  with 
constant  velocity  V  ;  then  base  is  brought  to  rest  in  a 
specified  short  tim§  t^. 

Patterns  of  deformation  for  the  impact  problem;  regions  of 
plastic  deformation  of  opposite  signs  are  indicated  in  (C). 

Curves  summarizing  how  the  initial  deformation  pattern  in 
the  impact  problem  depends  on  the  base  acceleration  V  / t 
and  the  mass  ratio  k  =  G/mL.  The  curves  show  where  tfie  ° 
negative  moment  has  its  largest  magnitude  for  a  given^a  and 
k.  The  acceleration  plotted  is  dimensionless,  a  =  mL  V0/M_t 
(From  Ting  and  Symonds,  1962). 

Comparisons  of  impact  test  results  on  (a)  mild  steel  and  (b) 
6061-T6  aluminum  with  predictions  of  elementary  rigid-plastic 
analysis.  Also  shown  are  a  curve  representing  the  approxi¬ 
mate  viscoplastic  solution  due  to  Ting  and  Symonds  (1962) 
and  one  result  from  the  "complete"  viscoplastic  solution  of 
Ting  (1963).  Test  deformation  angles  are  shown  for  the  test 
points. 

(a)  Representative  computed  curves  for  the  impulse  problem  of 

A  =  (im/B^'P  and  A/z  as  functions  of  time,  from  Ting  (1964). 
Note  that  1  +  A  is  the  ratio  of  dynamic  moment  at  the  base 
to  the  static  fully  plastic  moment;  M  A/z  is  the  shear  force 
at  the  base.  ^ 

(b)  Representative  computed  curves  for  the  impulse  problem  of 
the  length  z  of  the  plastic  zone  and  the  curvature  rate  £m 
at  the  base,  as  functions  of  time  (from  Ting,  1964). 

Comparison  of  viscoplastic  theories  and  test  results  with  rigid- 
plastic  solution  of  impulse  problem. 

Representative  computed  curves  for  the  impulse  problem  from  Ting 
(1964);  note  nearly  linear  decrease  of  angular  velocity  6^. 

Representative  computed  curves  for  the  impact  problem,  from 
viscoplastic  solution  of  Ting  and  Symonds  (1962);  curves  are  for 
dynamic  moment  at  base  M  /M  and  shear  force  at  base  q. 

m  p 

Typical  curves  for  impact  problem  from  Ting  and  Symonds' s  (1962) 
viscoplastic  solution. 

(a)  shows  plastic  zone  length  z  and  curvature  rate  at  base 
as  functions  of  time. 

(b)  shows  nearly  linear  decrease  of  angular  velocity  as 
function  of  time,  t  >  tQ. 
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Notation  for  tests  and  analyses  of  Florence  and  Firth  (1905), 

Typical  results  of  Florence  and  Tirth  (1063):  (a)  and  (h) 

show  central  deflection  as  functions  of  impulse  per  unit 
lenpth;  (c)  shows  final  deformation  curves.  Superscripts 
have  the  followinr  meaninp:  (1)  desirnates  elementary  ripid- 
plastic  solution;  (2)  desipnates  ri pi d-plast ic  solution  with 
co  reclion  for  finite  deflections;  (3)  desipnates  ripid-plast 
analysis  with  strain  harden inp.  included. 

Plots  from  results  of  Florence  and  Tirth's  tests  (1963);  com¬ 
parison  of  deformation  anp.le  (near  support)  observed  in  test 
with  uncorrected  ripi J-plast ic  theory  plotted  apainst  unit 
impulse.  If  this  type  of  analysis  is  valid,  and  disagreement 
is  attributed  to  strain  harden  inp.,  the  discrepancy  should 
increase  as  the  load  impulse  increases;  plots  show  opposite 
trends . 


Plots  from  results  of  Florence  and  Firth's  (1963)  experiments 
Values  of  test  deformation  anple  divided  by  prediction  of 
uncorrected  ripid-plast ic  theory  arc  plotted  as  function  of 
experimental  anple. 


Plots  from  results  of  Florence  and  Firth's  (1963)  experiments 
Values  of  test  deformation  anple  divided  bv  prediction  of 
unconnected  ripid-plast ic  theory  are  plotted  apainst  cnerpy 
ratio  K, 


Comparison  of  deformation 
Firth's  (1965)  tests  with 
with  Florence  and  Tirth's 
hardening,,  and  with  "mode 
strain  hardeninp. 


anples  observed  in  Florence  and 
elementary  ripid  plastic  solution, 
solution  correct inp  for  strain 
approximation"  solution  considcrinp 
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PHASES  OF  MOTION  ACCORDING  TO  ELEMENTARY  RIGID- PLASTIC 
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EVANS  (1942)  TENSILE  IMPACT  TESTS 
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